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Abstract We consider a stochastic network with mobile users in a heavy traffic
regime. We derive the scaling limit of the multidimensional queue length process
and prove a form of spatial state space collapse. The proof exploits a recent result by
Lambert and Simatos (preprint, 2012), which provides a general principle to establish
scaling limits of regenerative processes based on the convergence of their excursions.
We also prove weak convergence of the sequences of stationary joint queue length
distributions and stationary sojourn times.
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1 Introduction

We consider a stochastic network with mobile users, originally introduced in Borst
et al. [2] as a model for a wireless data communication network. Fluid limits of this
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model were studied in Simatos and Tibi [15], and in this paper we examine the heavy
traffic characteristics.

In this model, users arrive at each of the nodes according to independent Poisson
processes and then move independently of one another while still in service. The tra-
jectories of the users are Markovian and governed by an irreducible generator matrix
with stationary distribution 7 (see Sect. 2 for notation and definitions). At each of the
nodes, users share the total capacity of the node according to the Processor-Sharing
discipline. This assumption affects the sojourn time distribution but not the distribu-
tion of the number of users at the various nodes since we will restrict ourselves to
the case of exponential service requirements. The fundamental difference between
this model and Jackson networks is that, in this model, users move independently of
the service received: transitions from one node to another are governed by the users
themselves rather than by completion of service.

Coexistence of two time scales and the homogenization property The above men-
tioned feature has an important consequence: although the rate of arrivals to and
departures from the network is bounded, the rate of movements of users within the
network grows linearly with the number of users. The model thus shares fundamen-
tal characteristics with two classical queueing models, namely the M /M /1 and the
M /M /oo queues, which are brought about in heavy traffic conditions. As a result, it
inherits the typical time scales of both these models: a fast time scale, which governs
the internal movements of users between nodes (the M /M /oo dynamics), and a slow
time scale that governs arrivals and departures (the M /M /1 dynamics). In particular,
the total number of users in the network evolves slowly compared to the speed at
which users spread in the network, provided the network is highly loaded.

One of the key technical challenges is to control the M /M /oo-like dynamics of the
internal movements of users on the slow time scale of the M /M /1 queue. The main
idea is that it takes a constant time for any user to be arbitrarily close to the stationary
distribution 7 while on the other hand, in a finite time window the number of users
can only have evolved by a bounded amount because of the M /M /1 dynamics. Thus,
starting from a large initial state, on times of order one the total number of users
will have essentially stayed the same, while each user will be close to the stationary
distribution 7. The law of large numbers therefore suggests that starting from a large
initial state, after a constant time, users should be spread across the various nodes
according to , i.e., approximately a fraction ;. of the users should be at node k. We
call this property the homogenization property. To derive the heavy traffic limit, we
need to show that the system stays homogenized not only at a given fixed time, but as
long as there is a large number of users in the network. Technically, this entails control
over some hitting times, which we achieve via martingale and coupling arguments.

Convergence of the full process via the convergence of excursions The homoge-
nization property provides a picture of what happens when there is a large number
of users in the network: The users are spread across the various nodes according to
the stationary distribution r, and in particular it is unlikely for any of the nodes to be
empty. Thus, the full aggregate service rate is likely to be used, and the total number
of users evolves as in a single M /M /1 queue with the combined service rate of all

@ Springer



Queueing Syst (2013) 74:1-40 3

nodes. This property provides a useful handle on the processes of interest far away
from zero. Imagine, for instance, that the network starts empty: it will eventually be-
come highly loaded, at which point the homogenization property kicks in and holds
until the network becomes empty (or close to) again. In other words, the homoge-
nization property should give us control over excursions that reach a certain height
and it is therefore natural to expect the entire process to converge as well. This line
of argument has been used in Lambert et al. [9] to analyze the scaling limit of the
Processor-Sharing queue length process, and has later been generalized in Lambert
and Simatos [8]. The proofs of the scaling limit results in the present paper leverage
the general principle established in Lambert and Simatos [8].

The above arguments lead to the result that the joint queue length process asymp-
totically concentrates on a line whose angle corresponds to the stationary distribu-
tion 7, thus exhibiting a form of state space collapse. The total number of users,
after scaling, behaves asymptotically as in a single M /M /1 queue, and thus evolves
as a reflected Brownian motion, with the stationary distribution converging to an ex-
ponential distribution. These characteristics are strongly reminiscent of the heavy
traffic behavior of the joint queue length process in various queueing networks;
see, for instance, Bramson [3], Reiman [13], Stolyar [16], Verloop et al. [17], and
Williams [19]. However, to the best of our knowledge, this is the first result which
shows that mobility of users, rather than scheduling, routing or load balancing, can
act as a mechanism producing state space collapse.

Organization of the paper Section 2 sets up notation used throughout the paper and
summarizes the main results of the paper; it also presents two key couplings, one with
an M /M /1 queue which provides a lower bound and one with a closed system that
is easier to handle with regard to homogenization. This closed system is analyzed in
Sect. 3, where two bounds are derived: one concerning the time needed for the closed
system to get homogenized, and the other concerning the time that the system stays
homogenized, starting from a homogenized state. These estimates are used in Sect. 4
to derive corresponding bounds for the open system. These bounds allow us to prove
that the system is null-recurrent in the critical case; a case that had not been treated
earlier.

The last three sections then deal with the heavy traffic regime: Sect. 5 proves, using
the above excursion arguments, that the sequence of processes converges weakly to-
ward a multidimensional reflected Brownian motion; Sect. 6 investigates the asymp-
totic behavior of the stationary distributions, and Sect. 7 examines the asymptotic
behavior of the sojourn times.

Relation to previous work  Some of the results of the present paper can partially be
found in Simatos and Tibi [15], and we wish to explain the new contributions. The
results of Sect. 3 somewhat strengthen the derivations in [15]: we establish tighter
bounds and remove a technical condition on the generator matrix governing the mo-
bility of users. One of the main results of Sect. 4, namely Proposition 4.2, can also
be found in [15] under an additional technical condition on the generator matrix. In
the present paper, we provide an alternative proof of this result, which we believe to
be potentially useful in a more general setting. All the other results are completely
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new. In order to have a self-contained paper, and also because we could significantly
simplify some tedious technical details of [15], we present complete (and simpler)
proofs for results, which were already partially known.

2 Notation, main results and two useful couplings

Let N={0, 1, ...} be the set of nonnegative integers. In this paper, we deal with mul-
tidimensional processes, typically taking values in NX or RX for some K > 2, but we
also need to consider real-valued processes. It is therefore convenient to abuse nota-
tion and use the common notation ||-|| to denote the L norm on every i-dimensional
space R’ . Thus, for each i > 1 and y € R/, we write ||y|| = |y1|+--- =+ |yi|. In the se-
quel, Z(u) for u > 0 denotes a Poisson random variable with parameter u. It satisfies
the following large-deviation type inequality:

IE”(QZ(M) > v) < exp(—uh(v/u)), v>u, )

where from now on A(x) = xlogx 4+ 1 — x. In the sequel, we will use the fact that
h(x) grows at least linearly as x — +o00.

2.1 User mobility

In the rest of the paper, we fix some integer K > 2 and we consider a network of
K nodes. Let £ be a Markov process with state space {1, ..., K} and generator matrix
0 = (qre, 1 <k,£ <K), and let y > 0 be the trace of —Q. We assume that Q is
irreducible, denote by 7 its stationary distribution, and define & = minj<x<x 7x > 0
and = = maxj<x<k 7 < 1. We will need to measure distance to 7 and introduce the
function o : NX — [0, 00) defined by

Q(y)=HL—n

, yeNF
Iyl

with the convention o(y) =0 if |y =0. For k=1, ..., K, let P; be the law of &
started at k. For ¢ > 0, let A(t) = maxi<k ¢<k |Px(§(t) =£) — m¢|, so that A(z) — 0
ast — +oo. For ¢ > 0, we define t(¢) =sup{t > 0: A(z) > ¢}.

2.2 Sequence of networks

For each n > 1, consider (A, x,1 <k < K) € [0, oo)K and (U, 1 <k <K) €
[0,00)K, and define A, = Ap1 + -+ + Ank and y = pg + - + k. Let
Xp = (Xpk, 1 <k < K) be the following cadlag, NX _valued stochastic process: for
t>0and k e{l,..., K}, x5 x(t) is the number of users at node k at time ¢ in the
network subject to the following dynamics:

e users arrive at node k according to a Poisson process with intensity A, x, and arrival
streams are independent;

e users have i.i.d. service requirements, exponentially distributed with parameter
one, independent from the arrival processes;
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e node k serves users according to the Processor-Sharing service discipline and has
capacity fin k;

e while still in service, users move independently from everything else according to
a Markov process with generator matrix Q.

According to the Processor-Sharing service discipline, the server splits its service
capacity equally among all the users present at any point in time; in particular, each
user present at node k at time ¢ is instantaneously served at rate i, /X, k(f) (pro-
vided that x, () > 0, i.e., the node is not empty). In particular, if a user has been
present in the network between time s and ¢ and was at node &(u) at time u € [s, ¢],
then between [s, ] it received a service equal to

t
/ Mm@ g, )
s xn,é(u)(u)

Note that the model we consider is in sharp contrast with classical queueing net-
works, such as Jackson networks, where users only move upon completion of service.
In the model we consider, users arrive with a single service requirement and they are
served along their route: users receive some service where they are and their trajec-
tory is governed by some random dynamics independent of the service. In the model
we consider, the trajectory process & appearing in (2) is a Markov process with gen-
erator matrix Q, independent from all the other stochastic primitives, i.e., the arrival
processes and service requirements.

Because of (2), the stochastic process x, may in general be difficult to analyze.
Nonetheless, when service requirements are exponentially distributed such as here,
the memoryless property of the exponential distribution implies that x,, is a Markov
process with generator £2,, given by

K K
20N =Y 2k (FO+e) = FO) + Y1tk (FO =€) = F)) L0

k=1 k=1

+ Z areyi(f(y —ex +e0) — f())

1<k, <K

for any function f : NX — R and any y = (yx,1 < k < K) € NX, and where ¢;
is the kth unit vector of NX. Thus, x, can be seen as a system of particles, where
particles are added and removed (when possible) according to independent Poisson
processes attached to each node, and while alive move independently according to
the same Markovian dynamics. Note also that because of the memoryless property,
the Processor-Sharing assumption has no impact on the law of x,; nonetheless, this
assumption will impact sojourn time distributions studied in Sect. 7.

For y € NX, let P) be the law of x, started at y (from a network perspec-
tive, users start with i.i.d. exponential service requirements), and denote by r,
the K-dimensional process r, = x,/||x,|| with the convention r,(f) = w when
X, ()]l =0, and where from now on if » € R and y € RX then by € RX de-
notes the vector (byg, 1 <k < K); similarly, by denotes the K -dimensional function
(byr, 1 <k < K) if b is a real-valued function, with by = (b(t) yi, t > 0).
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We denote by a, x the arrival process at the kth node and by d, x the potential
departure process from the kth node, so that a, i is a Poisson process with intensity
Ank and dy i is a Poisson process with intensity (,  such that the 2K processes
(ank» dnk, 1 <k < K) are independent. Moreover, by definition of x, it holds that

K K
Hxn(t)” = “xn(o) H + an k(1) — ]l{xn’k(u—)>0}dn,k(du), t>0. (3)
[0,7]
k=1 k=1 ot

Let a, =an1 + -+ +aunkx and d, =d,1 + -+ + dy i, so that a, and d,, are
independent Poisson processes with intensities A, and u,, respectively. Define p, =
An/Wp: it has been proved in [5, 15] that x, is positive-recurrent when p, < 1 and
transient when p, > 1; in Proposition 4.3, we will complete the picture and prove
that x,, is null-recurrent when p, = 1. When p, < 1, denote by v, the stationary
distribution of x,. We define k¥ = sup, (A, + 1,) and assume throughout the paper
that « is finite.

2.3 Heavy traffic regime and main results

In the rest of the paper, we fix two parameters A > 0 and o > 0. The main results of
this paper deal with the following heavy traffic regime.

Heavy traffic assumption We say that the heavy traffic assumption holds if p, <1
for each n > 1 and

lim A,=Aand lim n(l-—p,) =ca.
n——+00 n—+00

We believe that the techniques of the paper could be adapted to the case « € R
(and hence remove the assumption p, < 1). Under the heavy traffic assumption, we
have p, — A. Note that we do not require each A, x or u, x to converge, but only the
corresponding sum. The heavy traffic assumption will be in force in Sects. 5, 6 and 7,
that contain the main results of the paper. In Sects. 3 and 4, we derive results on the
system for fixed n that do not require the heavy traffic assumption.

We now summarize the three main results of the paper: Theorems 5.1 and 6.1
establish the scaling limits of the sequence of processes (x,,n > 1) and of stationary
measures (v,, n > 1), and Corollary 7.3 investigates the asymptotic sojourn time of a
typical initial user. Remember that by = (byx, | <k < K) if b is a real number or a
real-valued function and y € NX

Forthcoming Theorem 5.1 Let X, () = x,, (n?1) /n. If the heavy traffic assumption
holds, then the sequence of processes (X,,n > 1) under ]P’2 converges weakly as n
goes to infinity to the K-dimensional process Bm, where B is a Brownian motion
with drift —\a and variance 2\ started at Q.

Forthcoming Theorem 6.1 Assume that the heavy traffic assumption holds with

o >0, and let X,(0) = x,,(0)/n. Then the sequence (X,(0),n > 1) under P," con-
verges weakly as n goes to infinity to the K -dimensional vector Em where E is an
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exponential random variable with parameter a, and all higher moments converge as
well, i.e., Ey" (|| X, (0)||") — r!/a” for all integer r > 0.

Forthcoming Corollary 7.3 Assume that the heavy traffic assumption holds and let
(yn) in NX ywith o(yn) — 0 and ||y,||/n — b € (0, 00). Under )", let x, be the
sojourn time of one of the ||y, || initial users chosen uniformly at random. Then the
sequence of random variables (n~' x,,) under )" converges weakly to bE /., with E
a mean one exponential random variable.

2.4 Functional operators

Fix some i > 1 and & > 0. Let D; be the space of Ri-valued cadlag functions. For
f=({fx, 1 <k <i) € D;, we define the following operators:

THfe)=inflt>0: | f()| <e},  TWf o) =inflt>0:|f@)| = ¢}
as well as

To(f) =inf{t > 0: [ f)] =0} and To()= min To(fi).

For t > 0, let 0,6, : D; — D; be the stopping and shift operators, defined by
o(f)(s)=f(sATo(f)) and 6;(f)(s) = f(t +5), respectively, for f € D; and s > 0.
Define also the map eg : D; — D; as follows:

el (f)= (0 0071 (1.0)(f)-

In words, eg (f) is the process f shifted at the first time 7T (f, &) when || f|| reaches
level e and stopped at the first time it reaches 0 afterward. Finally, let g.(f) be the
left endpoint of the first excursion of || f|| to reach level &:

ge(f)=sup{t <T'(f.e): | f(1)] =0}.

Note that similarly to |||, we use the same notation to refer to operators defined
on functions taking values in R' for any i > 1; for instance, we have T1( f,e) =

TSI ©)-
2.5 Coupling with an M /M /1 queue
The process x,, is naturally coupled with the queue length process of an M/M/1

queue with arrival rate A, and service rate w,. First, for any f € Di, define the
function f, called the function f reflected above its past infimum, by

£@ =@ = min( inf_£().0).

For n > 1, let in the sequel Zn = ||x,(O)|| +a, —d, and ¢,, = Zn be the process Zn
reflected above its past infimum. Since a, and d,, are independent Poisson processes
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~

with respective intensities A, and pu,, £, is a continuous-time random walk and ¢,
is equal in distribution to the queue length process of an M /M /1 queue with arrival
rate A, and departure rate ;.

Intuitively, this coupling does the following: the potential total departure process
from both x, and ¢, is given by d,,. When d,, \ rings, there is no departure if x, y =0
while there may be other users elsewhere. The process ¢, ignores how users are
spread in the network: if there are users in the network and one of the d,, x rings, then
one of the users leaves. Thus, ||x, || and ¢, coincide as long as there is no empty node,
and at all times there are more departures from ¢, than from x,. Formally, we have
the following result; recall that if p, < 1, then x;, is positive-recurrent with stationary
distribution v,,.

Lemma 2.1 For any y € NX_ the two following properties holds P} -almost surely:

o X0 (D)1l = £, (1) for all t < To(xy);
o [x, ()| = £,(r) forall t > 0.

In particular, if p, < 1, then ||x,,(0)|| under P, is stochastically lower bounded by a
geometric random variable with parameter p,,.

Proof We prove the two first properties by induction. By construction, it holds that
lx, (0)|| = €,(0) and when a,, rings, both processes ||x, || and £, increase by 1, which
preserves the difference ||x,|| — ¢,. Internal movements in x,, also preserve this dif-
ference, hence one only needs to inspect what happens when one of the dj,  rings.

So to prove the first property, consider ¢ < ?o(xn) and 1 < k < K such that
dp k({t}) = 1 and assume that ||x,(t—)| = £,(t—): we must show that ||x,(¢)| =
£,(t). Since t < To(xn), by definition of To(x,,) we have x, ;(t—) > 0 and so
lxn ()] = |x, (®)]| — 1. On the other hand, we have ¢,,(t—) = ||x,(¢—)|| > 0 by induc-
tion hypotheses and so by construction, ¢, (¢) = £, (t) — 1, which proves the desired
property.

Let us now prove the second property, so consider + > 0 and 1 < k < K such
that d,, x ({t}) = 1 and assume that ||x, (—)|| > £, (t—): we must show that ||x, ()| >
£,(). If £,(t—) =0 then £,,(z) =0 and ||x,, ()| > £,(¢). Else, £,(t) = €,(t—) — 1
and since ||x, (¢)|| decreases by at most 1 (it does when x, x(t—) > 0, otherwise it
stays constant), we also have ||x,(¢)|| > £,(¢) in this case.

As for the second assertion of the lemma, for any g > 0, we have by stationarity
and using the second property

IP)ZM (

[ O = q) =B ([ @] = q) =P (€a(t) 2 q) — (ou)"

since £, (¢) converges in distribution as ¢ goes to infinity to a geometric random vari-
able with parameter p,. This proves the result. g

We will often use the previous lemma in combination with the following lower
bound on Ty(x,):

Ty —7,8) < To(x), S<um. 4
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Indeed, since by definition we have ||r,(t) — | > |r, x(t) — mk|, we see that
Xnk(#) = 0 implies that ||r,(r) — 7| > mx > m. In particular, this implies that
1%, (|| = £, () forall t < TT(r, —m,8) and § < .

2.6 Coupling with a closed system

Let x;, be the process built on the same probability space as x,, sharing the same
stochastic primitives as x,, but ignoring arrivals and departures. More precisely, if
(&4.i, 1 <i <|y|) are the ||y|| independent (but not identically distributed, due to the
initial conditions) trajectories of the ||y| initial users under IP,, then we define

Iyl
Y=Y L, o=k, 120,1<k<K.

i=1

Note that x;, is a Markov process with generator 2’ defined similarly as §2,, but with
all Ay ’s and py s equal to 0. In particular, the law of x], does not depend on n.
Under P}, by construction it holds that y; of the (§,;,1 <i < |y|) are i.i.d. with
common distribution & under Py.

We define r), = x},/||x},|| with the usual convention r),(r) = 7 when ||x/,(#)|| = 0.
Note that because x,, is a closed system, we have ||x),(¢)|| = ||x;,(0)||. The following
inequalities are intuitively clear; see, for instance, [15] for a formal proof: For any
t>0andk=1,..., K,

—dy (1) < xa (1) — X, (1) San(®) and  —dy (@) < |xa )] =[x, )] < an(®).
5
This has the following useful consequence.

Lemma 2.2 For any y € NX with ||y|| > 0, we have

]P’Z(Vz >0:||ra () — ()] < 2K(“n(f)ern(t))> 1

Iyl

In particular, for any y € NX  any § > 0 and any t > 0, we have
Bh (| rn(0) = rp(0) || = 8) <P(2 1) = 8llyll/(2K)). (6)
Proof Fixk=1,..., K and y € NX with | y| > 0: then under I}, it holds that

Xk @ xn @ || Xk Olxa Ol = xak Oyl

|rp (1) = Pk (D] =

vl ol RIERGL
o8 = Xk O n O+ %k O (D] = 11D
N Iy O
_ 80 =51 @l = Iyl
Iyl Iyl
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Together with (5) this gives the first result, which implies (6) since a,(t) + d,, (t)
for any ¢ > 0 is a Poisson random variable with parameter (A,, +u,)t and A, +u, <«
by definition of «. g

3 Analysis of the closed system

In this section, we are interested in the closed system x;. Since its law does not
depend on n, in order to simplify the notation, we remove temporarily all subscripts n

. / / / /S Yy / / / / .
and write P, x’, x;, r" and r}, instead of Iy, x,,, Xy T and Tk respectively. We

will denote x,/( (1) = Z”i,l(o)H 1g; (r=k}> With (§;) independent Markov processes with
generator matrix Q.

3.1 Homogenization at a fixed deterministic time

We first show that starting from any initial state, the system becomes close to homog-
enization in a constant time. Note that the following bound is consistent with the cen-
tral limit theorem, which suggests that ||r’(r) — 7| should be of order (||x’(0))~!/?
for large  and ||x’(0)||. The following result improves on Simatos and Tibi [15,
Proposition 5.2]; here, we use Chernoff’s instead of Chebyshev’s inequality. In the
following lemma, both in the statement and the proof, we make use of the functions
and constants 7(-), A(-), ™ and x that were introduced in Sect. 2.1.

Lemma 3.1 There exists gy > 0, depending only on w and K, such that for any
0 <e¢e<egandany y e NK,

(I 2yl
PY(|r (x(e/2K))) = 7| = &) < 2K exp( =257 )-

Proof 1In the rest of the proof, fix ¢ >0, y € NX | and write r = 7(¢/(2K)) and &' =
e/(2K). Since r/(t) = 7 under P, the bound holds when ||y| = 0 and we consider
[ly]| > 1. Standard manipulations yield

P (') —7|=¢e) <K max P (|ri (1) — 7| = e/K).

Until the end of the proof, fix some 1 <k < K: we have x, (1) = Zl”ﬂ Lig ()=k)

under PY and so

[y Iyl

, 1 1
B (ri () — 7| = ”y—”ZPy(éi(t)=k)—7rk SMZ}Py(éi(t)zk)—nk|.
i=1 i=1

Thus, by definition of A and 7, we have [EY(r, (1)) — mx| < &' since t = (¢’).
Consequently, the triangular inequality gives |r; (1) — mx| < |rp (1) — B (rp ()| + ¢’

and so
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P (|rp(t) — | = e/K) < P (|rp(0) —EY (rp (1) | = &)
=P (Jx;. (1) = EY (xp (1)) | = £'lIy 1))

Let us now define g¢. For p € [0, 1], define f(p) = p(1 — p). Since f(1—-7) >0,
there exists 8(’) < 1 — 7, which only depends on 7, such that f(1 —7 — §) > 6 for all
8 < &;. We fix such an ¢, and consider &9 = 2K &(,, which only depends on 7 and K.
In the sequel, we assume that ¢ < &g, or equivalently, &’ < 86.

Recall Chernoff’s inequality: if (¥;, 1 <i < I) are independent random variables
with |Y;| <1l and E(Y;) =0foreach 1 <i <[,thenforany 0 <n <b

d

Denote p; =P (&;(r) = k): we wish to apply Chernoff’s inequality to the random
variables (¥;, 1 <i < | y|]) with ¥; = 1(g )=k} — pi, for which b*=f(p1)+---+
S (pyy))- In order to ease the notation, we suppress the dependencies of p;, ¥; and b
onk, t and y, which have been fixed once and for all earlier. Define now n = &’||y|| /b,

so that
vl
Z Yi|> le)-
i=1

Assume for a moment that n < b: then we could apply Chernoff’s inequality and

get
2 2
i RGRD Eyl
IP’( znb) <277 _2exp( 12 <2exp 1K2

using b* < ||y|l/4. This would prove the result, and so it remains only to prove
that n < b, or equivalently, b> > ¢’||y||. By definition, we have b*> = f(p;) + --- +
f(ppyp)-Let 1 <i <|lyll: Since ¢t > (&), we have | p; — mx| < &', and in particular

1

2%

i=1

> nb) <2eH with B? =E(YD) + -+ E(Y).

PY(|xp (1) = EY (xp 1)) | = €'lIv ) = P(

Iyl

>

i=1

n—¢<m—¢&<pi<m+e=<T+e.

Since f(p) = f(1 — p), f is increasing on [0, 1/2] and decreasing on [1/2, 1]
and w <1 — 7, the previous inequalities imply that

fp) =min(f(z—¢), f(T+¢))=min(f(z — &), fF(1 -7 —¢))
=f(l-T—-¢)=¢

by choice of &, and since &’ < ¢,. Thus, b* > ¢'||y| which concludes the proof. [
3.2 Deviation time from the equilibrium

We now study the time needed for the process r’ to leave a neighborhood of 7. Note
that x’ can be seen as a multidimensional Ehrenfest urn, where sharp results on hit-
ting times in the two-dimensional case K =2 have been established in Feuillet and
Robert [4].
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Estimates on hitting times will follow from the optional sampling theorem applied
to the martingale of Proposition 3.4. This martingale was first constructed in Simatos
and Tibi [15] for the open system under an additional diagonalizability assumption
on Q. Since the martingale construction is quite complicated for the open system,
we adopt here a different approach: We only construct the martingale for the closed
system and then use coupling arguments to transfer results on the closed system to
the open one.

Compared to Simatos and Tibi [15], the new contribution of the following con-
struction consists of Lemma 3.2, which makes it possible to drop the diagonalizabil-
ity assumption. Nonetheless, the construction of the martingale for the open system
is intricate while it becomes quite elementary for the closed one. For this reason, we
have chosen not to refer to [15], but rather to provide a self-contained proof (except
for the proof of Lemma 3.3 which can be repeated almost verbatim).

3.2.1 Additional notation

The following notation holds throughout the rest of this section. Let .% = {u €
[0, 11512 Jlull <1} c RE=1 and %% = {u € [0,11X : |lu|l = 1} ¢ RX be the
K -dimensional simplex. Let L : . — .k be the function that completes u € .% into
a probability distribution, i.e., (Lu)y =uy if 1 <k < K —1and (Lu)x =1 — |lu|| for
u € .. Note that L is invertible with inverse L~! : #x — .7 being the projection of
the K — 1 first coordinates. Let finally IT = diag(my, ..., mg) be the diagonal matrix
with entries (77x) on the diagonal.

Let J be the Jordan normal form corresponding to Q with change of basis ma-
trix w. Thus, J and w are possibly complex matrices, and we have the following
properties; see, for instance, Herstein and Winter [6]. Let (9;, 1 <i <I) be the I dis-
tinct eigenvalues of Q with 7 =0, for 1 <i <[ let m; be the algebraic multiplicity
of ¥; and let wy(;) for some k(i) € {1, ..., K} be any eigenvector of J correspond-
ing to the eigenvalue ¥;, i.e., Jawy) = Viwy(). Since m; is the algebraic multiplic-
ity of ¥;, we have in particular m9; + --- +mj_19;-1 = —y (recall that y > 0
is the trace of —Q). Moreover, we have Q = w~ ' Jw so that /¢ = v~ le!/
any ¢ € R, and because of the block structure of J this gives (e!/ )kGy,j = 0 for
J # k(i) and (e’ 7 k(i) k() = e In the sequel, we consider the following function
F:RX [0, 00):

w for

I-1
F(Lt) = l_[ ’(a)u)k(,-) |mi, ue RK.

i=1
Then F satisfies the following simple property, which is key to generalize the
martingale construction of Simatos and Tibi [15] to the case of nondiagonalizable Q.
Lemma 3.2 For any u € RX and t € R, we have F(e'Cu) = e V' F (u).

Proof We have ¢’ = w~ e’/ w so that
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~

I-1

"= l_[’(et]w“)k(iﬂmi

i=1

F(etQu) = |(a)etQu)

k(@)

NN.
(Il
LN

"= e V' F(u).

=[le"” (wuri)

Il
MR

The identity (e’ wu)iiy = €' (wu) () follows from the fact that (e”)k(,-),j is equal
to O for j # k(i) and to ¢'% for j = k(i). This proves the result.

3.2.2 Upper bound on hitting times

Proposition 3.5 is the main technical result of this section, which will be used in the
following section. We omit the proof of the following result, for which one can repeat
almost verbatim the proof of Lemma A.5 in Simatos and Tibi [15].

Lemma 3.3 The quantity supy_._;(c® [, (F(IT~'Lu))*~" du) is finite.

Proposition 3.4 For any ¢ > 0 and any y € NX | the process

xi(t)
M () =" ]‘[(“””‘) CFI L) du, 10,

7 k=1
is a bounded martingale under P” .

Proof Fix in the rest of the proof some ¢ > 0 and y € NX. Then under P¥, we have
forany r >0

Mc(t) <z~ I / (F(IT~"Lu))" du
S

and so sup, g M(7) is bounded by Lemma 3.3 for O < ¢ < 1 while for ¢ > 1 one only
needs to use the fact that u € . — F(H’lLu) is bounded. Let s, t > 0. We have

EY(M(t +5) | F)

K K
ze—cy(t—i-s)/ HEY [exp(z Gk(u)xli(t+s)) ‘x/(t):|(F(H—1Lu))c—ldu
k=1 k=1

with Gy (u) = log((Lu)k/mi), so that ek — (1'1’1 Lu)y. For any z € NX, we have

K Kzl
E* [GXP (Z Gie(u)xy (S))} =E° [eXp <Z > Gl (s):k})}

k=1 k=1 i=1
llzll K
= 1_[ E? |:exp (Z Gr(u)l, (s):k}):|
i=1 k=1

since the (§;,1 <i < ||z||) under P* are independent. For j € {1, ..., K}, z; of the
(&;) are i.i.d. with distribution & under P; and so
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Izl K Zj
[ [E= |:€XP <Z Gk(u)ﬂ{s,-m—k}ﬂ = E; [exp (Z Gr(u)Ligs)= k})} }

i=l k=1 {
K Zj
(Ze@“’)P £(s) = ))

I~ T

k=

~.
I
<N
<

I
=

(S0

k=

~.
Il
<
<

I
=

(2" L)

~.
I
-

Thus,

EY (Mc(t +5) | Z e Cr(t+s) / ?QH—ILu)k}x]’((t)(F(n_lLu))C_l du.
7 k=1

We want to make the change of variables (Lv)i/mx = (¢*CIT~'Lu)y, ie.,
O 'Lv=e2T "Lu or Lv = e’ 2T ' Lu. To use the inverse of L, we check
that [Te*C 1T~ Lu € .Sk for u € ¥ We have (ITe*2IT~" Lu); > 0 because Lu has
only positive coordinates and the matrix ITe*@IT~! has only positive coefficients,
and

K ' 1 K (Lu); K (Luy; &
So(Aem L), =Y m Yy (¢*9) et =Y LY mPi(E() = )
k=1 k=1 j=I1 T j=1 i =
K K
_ Z (Lu); mi= Z(Lu)k =1

Hence, we can consider v = Hyu with Hy = L™ ' [Te*CIT~'L. Clearly, Hy is
invertible with inverse HS’1 =L e 'L = H_;. For any t € R, we have
H,(¥) C &: indeed, H;u for u € . has only nonnegative coordinates, because of
the same arguments as above, and moreover,

K—1 K—1 K—1
S (Huy=Y (L' Lu), =Y (1'% ' Lu),
k=1 k=1 k=1

K
<> (el Lu), =1.
k=1

Hence H (%) C . and H_(¥) = H7'(¥) C ¥ and so the restriction
H; : ¥ — & of H to . is invertible with inverse H_;. This gives
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EY (M. (t + )| F)

X0 (1)
o= (t+9) 1—[<(Lv)k> ¢ (F(IT'LH_v))* " |Jac, (H_y)| dv,

7 k=1

where if M is a matrix |M| stands for its determinant and if M : R — R? then
Jac, (M) stands for its Jacobian matrix evaluated at v:

oMy
Jac,(M) = v W),1<k<b,1<fl<al.
Uy

Lemma 3.2 therefore gives, since M 'LH jv=eC2T 'Ly,

EY(Mc(t +5) | %)

X/ (1)
R n((Lv)k> k (H_ILU))C_I|Jacv(H_s)|dv-

7 k=1

We now show that |Jac,(H_;)| = ¥, which will complete the proof. The chain
rule gives

Jacy(H_y) = Jacp, (L™ e 2T~ )Jac, (L) = Jacy, (ITe™* 21T~ )Jac, (L)

using for the second equality that L~! is the projection on the first K — 1 coordinates.
Also, Jac, (L) is the diagonal matrix diag(1l, 1, ..., 1, —1), so its determinant is equal
to —1 and on the other hand, if M is a linear operator then Jac,(M) = M for all v
and so

|JaCLU(He_SQ17_l)| = |He_SQ17_1| = |e_SQ| =e’’.

The proof is complete. g

The following proposition makes use of the function and constants o(-), y and =
defined in Sect. 2.1 and of the operator 71 defined in Sect. 2.4.

Proposition 3.5 There exists a family of finite constants (¢5,8 > 0) such that for
everyt > 1/y, every 8 > 0 and every y € NK with o(y) <n8?%/8,

PY(T1(r' —7,8) <t) < Grexp(K logt — 82 y1l/8).

Proof Fix in the rest of the proof § > 0,7 > 1/y and y € NX and denote ¢ = 1/(y1)
and T =T (+' — m, §): then the Markov inequality gives
PY(T <1) < eE”(exp(—cyT)).

We now derive an upper bound on this Laplace transform. Consider the martin-
gale M, of Proposition 3.4. Since under PY it is a bounded martingale by Proposi-
tion 3.4 the optional stopping theorem gives

EY(Mc(T)) =E¥(M:(0)).
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We will provide an upper bound on EY (M, (0)) and a lower bound on EY (M, (T))
of the form AEY(e~<¥T), thus providing a desired upper bound on EY(e=<¥7T).
For u,v € Sk let H(u,v) = ujlog(ui/vy) + -+ + ug log(ug /vg) be the relative
entropy, so that M, under P¥ can be rewritten as

1

M.(t) = e~V /y exp{lIyIl(H(r' (1), 7) — H(r’(z),Lu))}(F(n—lLu))”‘ du.

The relative entropy is positive and satisfies the following upper and lower bounds:

1
Ellu—vllsz(u,v)f lu—vll, wu,veFk. )

Ng Vg

The lower bound, called Pinsker’s inequality, is well known; see, for instance,
Pinsker [11]; while the upper bound follows by convexity:

K K
uk(uk — k) Z ukluk — vl

Hu,v) = Zuklog(l + U") <

u-—v
_lu—vi

k=1 k=1

~ ming vk

using u; < 1. Thus, using that the relative entropy is always positive, we obtain using
the upper bound in (7)

Y (M.(0)) < enyumy/nyn,n)/ (F(T™'Lu))* " du < Ayel¥le/z —K
s

_ AzeKlOgt-‘rll)‘HQ()‘)/l

with A = supg_._;(cX [ (FUT™'Lu))*"'du) and A, = A1yX, A and, there-
fore, A, being finite by Lemma 3.3 (recall that 0 < ¢ < 1 by assumption). We
now derive a lower bound on M.(T). The lower bound in (7) gives H(r'(T), ) >
|x(T)—m ||2/2, and since ||x(T) — || = 6 by definition of 7" we obtain the following
lower bound on the integral part of M (T):

/ I 0= HE D L) (£ (1771 L)) du
54
Ze\|y||«s2/2/ e IIHE L0 (£ (1771 1)) .
4

By definition, F is a continuous function, hence it is bounded on the compact set
S =M 1L() and so

/ e—uynH(r/(T),Lu)(F(H—lLu))v—ldu2A3/ o IVIHG (D). Luy g,
7 7
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with A3 = (14sup o F)~!. Forv e  let #(v) = {u € Sk : H(v,u) < §%/4} and
¢ (v) = [, du be the volume of .7 (v), then

/ e~ IVIHG D) L) g e*||Y|\52/4¢(r’(T)) > o IVI8%/4 4,
S

with A4 = inf,c o7 ¢ (v). We have A4 > O since ¢ is easily seen to be continuous,
¢ (v) > 0 for any v € .Yk and .Yk is compact. Therefore, we have proved

M(T) > e~ T V18%/2 g3 o= IV18%/4 4 — pso=erT lIVI8%/4

with A5 = A3A4 a deterministic constant. Combining all the previous bounds, we
obtain

A
BT . 5) <1) = % exp(K Tog + llylo)/m — Iy 15/4).

Assuming o(y) < 782/8 ends the proof, since A, and As only depend on §. g

4 Analysis of the open system

We extend Lemma 3.1 and Proposition 3.5 to the open system, exploiting the cou-
pling with x, of Sect. 2.6. In the rest of the paper, g9 denotes the constant given by
Lemma 3.1. Recall that ¥ = sup,,~.; (A, + @y) is assumed to be finite, and that the
various constants, functions and operators that will be used, e.g., =, ¥, t(-), 0(-), Tt
and TV have been defined in Sects. 2.1 and 2.4.

Lemma 4.1 Foranyn > 1, any 8 <2gy and any y € NX we have

82
By ([ra(0) = 7] = 8) < B(2 (k1) 2 8llyll/ (4K)) +2Kexp<— 16”;!)

where T =T1(8/(4K)).
Proof Since

Pi([[rn(@) =] = 8) < Ba([|ra () = rp (0] 2 8/2) + Ba(|ry(v) = 7 | = 8/2)
the result follows directly from Lemmas 2.2 and 3.1. O

Proposition 4.2 There exists a finite constant ¢| > 0 and for each § > 0, there exists
a finite constant c>(8) such that c1 and c2(8) only depend on K, «, and Q (and §
for c2(8)) and such that for everyn > 1, every t > 0 and every 0 <§ < 1, ¢ € N and
y € NX such that

1
n < 2¢0, %>maX<f(n/(4K)),;), Iyl >¢ and o(y)<n,
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where n = 8% /32, then
Po(T1(ry =7, 8) <1 AT (x, 9)) < c2(8) exp(logt — c1(8%¢ —log ).

Proof In the rest of the proof, fix n, t, §, ¢, n, and y as in the statement of the
proposition and denote for simplicity t = t(n/(4K)) and u = ¢/ (8K k). We have

Lt/ul—1
Pl <t AT) < Y BT < To,iu < T, < (i + Du),
i=0

where from now on 7, = T1(r, — 7,8) and T, = Ti(x,,,qﬁ). Since || y| > ¢ and
0(y) < n, the term corresponding to i = 0 in the above sum is upper bounded by

PI(T, <T.. T, <u) < sup P (T, <uw).
Yy I=¢,0(y)<n

Consider now i > 0, and note that iz > t by assumption. Since ||x,(iu — 7)|| > ¢
in the event {iu < T,}, the Markov property at time iu — T gives

riw)—7| =n) < sup P (|ra(m)—7| = 7).
Yilly'll=¢

Po(T < T, iu < T, < (i+Du,

Similarly, since ||x,(iu)|| > ¢ in the event {iu < T,}, the Markov property at
time iu gives

rn(iu)_nH 577)5 sup Piyl (T, <u).
Yy I=¢.0(0)=n

Py(T, < Ty, iu < T, < (i + Du,

Since the previous upper bounds do not depend on i, summing over 0 <i <
Lt/u] — 1 gives

PY(T, <t ATy)

< Lt/uj( sup P?{(Hi’n(l’) —n|=n)+ sup P (T, < u)).
y:lly'lI=¢ Villy'llzé,0()<n

Let y € NK with ||y'|| > ¢: since < 2g9 and 7 = 7(/(4K)), Lemma 4.1 gives

| 2
B (Jra(0) = 7| 2 n) < P(2 () 2 g/ (4K)) +2Kexp<_ 1252)’

Since ¢ > 8k K t/n, we have

_¢nh(2)>

P(Z (k1) = n¢/(4K)) <P(Z(pn/(8K)) = ¢n/(4K)) < eXP( SK

and we finally get

4 énh(2) e
s B (o) e = )=o) akenn(( -2 )
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Consider now y’ € NX with ||y'|| > ¢ and o(y’) < 7, then
P) (T, <u) <P (T1(ry — 1), 8/2) <u) + P} (T (v, — 7, 8/2) <u).
On the one hand, Lemma 2.2 implies that
P (T (r — 7, 8/2) <) <P (T (an +dy, 8|y | /(4K)) < u)
<P(P(cu) = n||y'|/4K))
using that § > n and that a, 4 d, is an increasing process to get the last inequality.

Since ||y’|| > ¢, this gives

Py (T (ra — 1), 8/2) <) <P(P(ku) = 5/ (4K)) < exp(——(pn;;((z))

plugging in the definition of # and using (1) for the last inequality. On the other hand,
since u > 1/y and o(y) < n =m(8/2)%/8, Proposition 3.5 implies that
P (T (), — 7, 8/2) < u) < Gspexp(K logu — 82|y’ [ /32)
K
<%s52(n/(8KK))" exp(K logp — 8°$/32)

using ||y'|| > ¢ and the definition of u to obtain the last inequality. Gathering the
previous upper bounds, we have proved at this point that

%Pz(ﬂ(rn —7,8) <t AT (. 9))

2
<2K exp(— 121?2> + 2exp(—¢778};((2))

+ %/2(7}/(8[(/{))1( exp(K log¢p — 82¢/32).

The result then follows easily from this expression. g

Proposition 4.2 has the following consequence, which is interesting in its own
right and will be used in the proof of Lemma 5.3.

Proposition 4.3 Let n > 1: if p, = 1 then x, is null-recurrent.

Proof Since ¢, is null-recurrent it is enough to show that x, is recurrent by
Lemma 2.1. Intuitively, the drift of x,, is always strictly positive due to the fact that
there is always a positive probability that a potential departure finds an empty node,
creating a slack between the arrival and departure rates. However, the drift should
go to 0 as the size of the initial state becomes large. Theorem 3.2 in Lamperti [10]
asserts that if the drift vanishes sufficiently fast, then x, is recurrent.

Since n is fixed, in order to ease notation, we omit the subscript n, so for instance
a and d refer to the processes a, and d,,, respectively, and x refers to x,,. Let b = 1/4
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and ¢(y) = [ly|"*22 = ||y[¥/? for y € NK. For i > 1 let w; = w1 + ¢(x(w;—1))
with wg = 0 and y; = ||x(w;)]|. If we can show that

essSUpE (xi1 — xi | xi =€, xj =§j, j <i—1)

I o L
sEessmeO(mH—xi)2|xi=s,xj=s,-,f <i—1)+ce 7t (®)

for some finite constant C and all § large enough, where the sup and the inf are taken
overi >1and (§;,0 < j <i—1), then Theorem 3.2 in Lamperti [10] will imply that
x almost surely visits infinitely often some finite set; since it is irreducible, this will
prove recurrence. Let .%; = o(x;j,0<j<i) and % = o(x(wj),0=<j<i): Wehave

E (i1 — xi | i) =B [E2 (i1 — xi | 9) | Fi]
=E° [ (|x(¢(x@)) ] = [x@]) | ]
and hence

E°(xiv1 — xi | Z) < max EY(|x(py)] — ||xO)]
yillyll=xi

),

writing indifferently ¢, or ¢(y). Similarly,

EX((xiv1 — xi)* 1 ) = L X.Ey((Hx((py)” — [x@])?.

Remember that £ = ||x(0)|| + a — d: since |x|| > ¢ by Lemma 2.1 and £ =£ > ¢

by definition, we get ([lx(¢,) | — [lx(0)[)? = gy in the event {(¢y) — [lx ()] = /%)

and so
E ((|x@n] = [x@)?) = E ((Jx @] = |x@])* &gy — |x©@)] = ¢')
= CQy

with ¢ = inf,>¢ PO(¢() > /7) which is strictly positive since £(¢)/+/7 under P? con-
verges in distribution as t — 400 to a normal random variable. Thus, to show (8), it
is enough to show that there exists some finite constant C such that

! C
max E(|x(po)] - [x@)]) < -om

yillyl=¢ = gl+b 9

for all & large enough. Let £ > 0 and y € NX such that || y|| = &: integrating (3)
over IPY and using A = u gives

K

(%3
2 (x| =[x ]) = Y- s [P (5100 =0)

k=1

Letke{l,...,K}: then
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143
/O P (x(u) = 0) du < e P (T (x, £/2) < )

[P (0 = 0.7 /2 = )
0

Since £ < [lx|| and lisa symmetric random walk, we have
PY(T(x,§/2) < ¢¢) <PY(TV(L.£/2) < ¢¢)
=P(T" (€. £/2) < ) = 2P°(L(pe) = §/2)

using the reflection principle to get the last equality. Moreover, writing 17 () fort >0
as £(t) = (a(t) — At) + (At — d (1)), using the triangular inequality and the fact that a
and d are i.i.d. Poisson processes with intensity A, we obtain

PO(C(ge) > £/2) < P(| P (hpe) — hg| = £/4).

Extending (1) to upper bound P(Z (Age) < ¢ — £/4), it can be proved that there
exists a finite constant H > O such that

P(|2(vps) — hoe| 2 §/4) < exp(—HE?/ge) = exp(—H /%)

Further, let § > 0 and n = 782/32 be such that § < 7 and 5 < 2, and write
T =1(n/(4K)): then

/% PY (xp(u) =0, TV (x,£/2) > ¢¢) du
0

123
<t +/ PY (xp(u) =0, TV (x,£/2) > ¢¢) du
T
and for u > 7, the Markov property at time t gives

P (x(u) = 0, TH(x, £/2) = ¢) <P (|r(z) — 7| = )

+ supIP’y/(xk(u —1)=0,T"(x,£/2) > Vg — T)
y/

where the supremum is taken over the set {y’ € NX : ||y/|| > &/2, 0(y") < n}. Since
n <2 and T =1(n/(4K)), Lemma 4.1 gives

PY(lr@ = = n)

2
<P(P(kt) = 66/(4K)) + 2K eXp<_ 12152>

K8E 8¢
< e 2K e
= eXp( 4KK7:> + eXp( 16K2
using (1) for the last inequality, together with 4(v) > v for v large enough (so this
inequality holds for & large enough). Since x(u) = 0 implies ||r(u) — || > 7 > 4,
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we have for any 7 <u < ¢; and any y' € N with ||y’ > £/2 and 0(y') <7
PY (i — 7) =0, TH(x.£/2) > g — 1)
< ]P’y/(TT(r —7,8) <u—1,TV(x,6/2) > ¢s — T)
<P(T(r —7.8) < e ATH(x.£/2))
< c2(8) exp(log ps — c1(8%6/2 — log(£/2)))

since all the assumptions of Proposition 4.2 are satisfied (for £ large enough). Gath-
ering all the previous bounds, we obtain for £ large enough

)
EY(|x(ee) | — [x©]) §4u¢)ge><p(—H\/§)+w+ueXp<— ukl )

4Kkt
82¢
+ 2K,bL CXp _167

+ c2(8) s exp(log s — c1(8%€ /2 —log(£/2)))

which proves (9) since every term decays exponentially fast, except for the constant
term 7 which has to be compared to ¢g /& 145 which goes to infinity. g

5 Scaling limit

We assume in this section that the heavy traffic assumption stated in Sect. 2.3 holds.
In particular, p, < 1foreveryn > 1and 1, - A > 0 and n(l — p,) — o > 0. We are
interested in the sequence (X,,n > 1) of renormalized processes where X,, for each
n > 1 is given by

2
1
Xn(t):xn(z ), t>0.

We define R,(t) = r,(n®t) which satisfies R,(f) = X,(t)/|X,()| when
1 X, ()| >0, and also L, () = n~'¢, (nt). In the sequel, we denote by B a Brown-
ian motion with drift —Ac«, variance 22; P? for b € R denotes its law started at b. Note
that it is known that L, = B under the heavy traffic assumption, where from now
on = denotes weak convergence. The goal of this section is to prove the following
result.

Theorem 5.1 The sequence of processes (X,,n > 1) under IP’S converges weakly as
n goes to infinity to Brr under PV,

The above theorem is reminiscent of heavy traffic diffusion limits for the joint
queue length process in various queueing networks, involving reflected Brownian
motion and state space collapse; see, for instance, Bramson [3], Reiman [13], Stol-
yar [16], and Williams [19]. However, to the best of our knowledge, this is the first
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result which shows that mobility of users, rather than scheduling, routing or load
balancing, can act as a mechanism producing state space collapse.

It is straightforward to adapt the proof of Theorem 5.1 to handle a more general
initial condition. Let b > 0 and assume that || X, (0)|| — b, then it can be proved that:

e for any sequence (¢,) such that ¢, > 0, &, — 0 and n2e, — +o0, the sequence of
shifted processes (6¢, X,,) converges weakly toward Bz under P?;
e if R,(0) — m then (X,,) converges weakly to Bx under PP,

We see that if R,(0) — 7’ # 7 then (X,) converges in the sense of finite-
dimensional distributions to a process which is discontinuous at 0 and so cannot
converge weakly (at least in the space of cadlag functions).

5.1 Overview of the proof

Remember from Sect. 2.4 that eg (Xn) = (0 0 Or1(x, ) (Xn) and that g.(X,) is the
left endpoint of the first excursion of X, with height larger than ¢, equivalently the
left endpoint of the excursion of X,, straddling 71 (X,,, €). To prove Theorem 5.1, we
use Theorem 4 in Lambert and Simatos [8]: in particular, Theorem 5.1 will be proved
if we can show that g.(X,) = g¢(B7), el (X,) = el (Bx) and (T o e)(X,) =
(Tyo eﬁ )(B) for any ¢ > 0, where X, is considered under ]P’g and B under P°. Note
that g.(Bm) = g.(B) and similarly that (Tp o eg)(ﬁn) =(Too eg)(ﬁ).

The convergence of the two sequences (eeT (X)) and ((T o e‘gT (X)) is stud-
ied in Proposition 5.4; its proof relies on the following ideas. First, let @, =
X, (T (x,, en)): the Markov property shows that eg (X,,) under ]P’g is equal in dis-
tribution to o (X,,) under IP;)". In Lemma 5.2 we show that @, ~ e, i.e., the system
is with high probability homogenized at time T T (x,,, en). Then we want to show that
this property lasts on times of order of n? that we are interested in. To do so, we
exploit the bound of Proposition 4.2, which shows that we will be able to control the
process on times of order of n? as long as there are at least of the order of logn users
in the network. Thus, this reduces the problem to control o (X,) started with logn
users: This is studied in Lemma 5.3 where it is shown that Tp(X},) is at most of order
of /n. Since arrivals and departures are Poisson, on this time scale the total number
of users at most varies by 4/n which is negligible compared to the space scale n that
we are interested in.

On the other hand, the convergence g. (X)) = g.(Bm), proved in Proposition 5.5,
follows from two arguments: one that provides a lower bound in terms of a sum
of i.i.d. terms related to (Tp o eg)(Xn), whose asymptotic behavior we will control
thanks to the convergences of (egT (X)) and ((Tp o ei )(Xn)), and one that provides a
corresponding upper bound via the coupling with the M /M /1 queue.

5.2 Convergence of (e] (X,),n > 1) and (T o e} )(X,), n > 1)
The convergence of these two sequences is proved in Proposition 5.4. In the following
proofs, we make repeated use of the constant gp given by Lemma 3.1 and of the

various constants, functions and operators defined in Sects. 2.1 and 2.4.
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Lemma 5.2 Forany ¢,§ > 0,

lim P)(|R.(T"(Xy,8)) — 7| = 8) =0.

n——+o0o

Proof Fix ¢ > 0, by monotonicity, the result only needs to be proved for § small
enough; in the sequel, we will consider § > 0 such that 5 < 2y with n = 78%/32.
Let t =t(n/(4K)), u, = nlP v, =02, T, = T1 (x,, ne), T, = T (X, ne — uy)
and E,, be the event

En={Ty+ 7 < T} 0 {[lxa (T +7) | Zne = 2w} O {[a (T + 7) =7 < m}.
Using that 7, < T,,, the strong Markov property applied at 7,, gives
PA(ED) =B (1T =) U {on (@) | S me = 20} U {ra(2) = = )

where @, is equal in distribution to x, (7)) under IP’S. On the other hand, the strong
Markov property applied at the stopping time 7, + t gives

PO(|||ra(Tw) — || = 8} N E,) < max P} (||ru(To) — 7| = 8)
yeTy

with .7, = {y e NK : ne — 2u,, < ||y|| < ne and o(y) < n}. Let y, € .7, that realizes
the maximum, so that ]P’g({”rn(Tn) —n||=d8NE, < P, (lrn(T,,) — || = 6). Thus,
we get the bound

PO (| rn(T) — 7| = 8) < T (T, < 7 or [|xn (D) < ne — 2uy)

P (|ra(e) — | = 1)
+]P>Zn( ‘rn(Tn) - 77” = 5)'

’
Since ||@,, || = [ne — u, 1, if under Py we have T, < t or |xn (D) < ne —2u,
then we must have at least u,, arrivals or u,, departures in [0, t]. Since the arrival and
departure rates are bounded (by k) while u;, — +o00, we see that the probability of

’
this event vanishes, i.e., IP’,?" (T, <tor|x,(v)| <ne—2u,)—0.
On the other hand, since ||@,, || = [ne — u,], we have

P (ra(z) — || = ) < P (

|ra(t) — 7| = n)

for some y, € N with ||y/ || = [ne — u,]. Since n < 2¢p and 7 = 7(y/(4K)),

Lemma 4.1 shows that ]P’Z” (lrn(z) — || = n) — 0. Hence, we have

limsupP)([[r(T,) — 7| > 8) < limsup Py (||ru(T,)) — 7| > 9)
n—-+00 n—-+00

and we now show that this last upper bound is equal to O.
We have

Y (|ru(T) = 70| 2 8) <P (T = v) + B (T1 = 7.8) < v)
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and by Lemma 2.1,
BY (T, = v) <BY (T (6 ne) = v,) < B (T (€, me) = v,),

where y) € NX is such that ly/ll = Lne — u,], using stochastic monotonicity of
T1(£,, ne) in the size of the initial condition. Since £, > En, we get

By (T, > v,) < PY (T @) > v2) = PUTT (@, 00) > 0.
On the other hand, we have
Py (T (rn — 7.8) < va) < By (T4 (G 1) < vy
+ P (T (g — 70, 8) < vp AT (i, un)),

where we have used the inequality Tt (Xp,uy) < T¢(Zn, u,) that stems from
Lemma 2.1. Since n < 2¢¢, 0(y,) < n and ||y, || > u,, all the assumptions of Propo-
sition 4.2 are satisfied, at least for n large enough. Thus, the second term of the right-
hand side of the previous display vanishes, and gathering all the previous bounds we
see that we are left with

hmsup]P’O(Hr,,(T )—m|>=8) < 11msupIP’0(T (Lo, 1) = )
—+00 —+400

+limsup B (T (G, un) < va).

n——+00

Since the sequence of rescaled processes (Zn) with Zn (1) = Zn (n’t)/n converges
in distribution to a Brownian motion, it is not hard to show that the two sequences
of random variables (u; 2T 1 (€,, u,)) under P? and (n=2T" (€,, u,)) under P;" con-
verge weakly to a nondegenerate random variable (actually, hitting times are contin-
uous functionals when the limiting process is the almost sure realization of a Brow-
nian motion; see, for instance, Proposition VI.2.11 in Jacod and Shiryaev [7]). Since
(un)* < v, < n?, this finally proves that the right-hand side of the previous display
is equal to 0, hence the result. O

Lemma 5.3 Let ¢, = | (logn)?]: then

lim ( max ]P’%(To(xn) zﬁ)) =0.

n—+00 \y:|lyll=¢n

Proof Let M, € N be such that 2M»~1 < ¢, < 2M»_ By monotonicity of Tp in the
size of the initial state, we have

max P)(To>+/n)< max P, (Tp=>+/n)
yillyll=én y(Mn)
where from now on .7 (m) = {y € NX : ||y|| = 2™} and we omit the dependency
of the functional operators when they are applied at x,, so that Ty = Tp(x,). Define
S(f)=TY(f, | £(0)]/2) and On.m = exp(M, +2Mn=m)/4) "and note that since p, <

1 by assumption, S is almost surely finite since x,, is recurrent by Proposition 4.3. The
relation Ty = § + Ty o O gives for any n > 1 and y € NX
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P (To > v/n) =Py (To > V/n, S > @5.0) + Py (To = v/n, S < ¢n0)
<Pa(S > @n0) +Pu(Toobs > V/n — ¢u0).
Since moreover P}, (x,(S) € 7 (M, — 1)) =1 for y € .7 (M,,), the strong Markov
property at S gives

max Py(To>+/n)< max Py(S>g@u0)+ max Py(To>/n—g.0).
yeT (My) yeT (My) yeT (My—1)

Iterating M,, + 1 times, we obtain
M,

max Pl(Tp>+/n) < max P)(S >
yed (My) n( O_\/_)_n;)yQ?(Mn—m) n( _(pn,m)

+ max Py(To>vn—@no— " — ¢nm,)
ye7(0)

Now .7 (0) = {0} and Ty under ]P’g is equal to 0. Since in addition 2M» < 2¢, <
2(logn)?, we obtain 2M+/4 < 21/4(logn)!/? and so

¥n,0 +- 4+ Pn, M, = (Mn + 1)exp(M,, + 2Mn/4) < exp((l/Z) 10gn) = ﬁ

for n large enough. For those n, we get

max P (Tp > — — = =0
ye 20 2 (To _\/_ ©n,0 wn,M,l)

and finally, we obtain after a change of variables

Mﬂ

max P (Ty > < max P (S > exp(M, +2"/*)). 10
e T ) a(To > /n) < m:O}'Ey(m) n( = P( n )) (10)

Let us justify that for fixed m > 0 and y € NX we have

lim P} (S > exp(M, +2"/*)) =0. (11)

n——+00

First, let (u(n)) be a subsequence such that

lim P’ i )(S > exp(My( +2"/%)) =limsup P, (S > exp(M, +2™/%)).

n—-+00 n——+00

Since the [0, oo)ZK-Valued sequence ((Ay(n).k, Mu@m).k. 1 <k < K),n > 1) lives
in a compact set as a consequence of the heavy traffic assumption, we can find a
subsequence (v(n)) of (u(n)) and Aso, Lo € [0, 00)X such that Avn),k —> Mook and
Hom).k = Mook foreach k =1,..., K. Because of the heavy traffic assumption, we
have [[Acoll = Il pocll-

It is then not hard to see that the sequence (x,(,)) under P converges weakly
to X0, Where xo is the Markov process with xo(0) = y and generator §2, defined
similarly as £2,, but with A, x and u,  replaced by Ao x and poo i, respectively.
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Since xoo lives in NX and is piecewise constant, it is not hard to prove that S is
a continuous functional at xo, and so the continuous-mapping theorem implies the
weak convergence of the sequence (S(xy(,))) toward S(xeo). In particular,

lim Py (S > exp(Myem + 27/4)) = P(S(xo0) = +00).

n—-+00

Since ||Asoll = l|hoolls X0 1S recurrent by Proposition 4.3 and so S(xso) is finite
almost surely which proves (11). Since for each fixed m > 1 the set .7 (m) is finite,
combining (10) and (11) we obtain for any M >0

M,
limsup< 6nglzzxﬁ/[ P (Ty > f)) < lim sup( Z max P (S > exp(Zm/4))>

n—+00 n——400 )Gg(m)

<> Un,

m>M

where

Un= sup( max P;(S> exp(2"’/4)))
n>1 \yeJ (m)

Thus, if we can prove that the series (U,,) is summable, letting M — 400 in the
previous inequality will show the result.

For the rest of the proof, fix any § > 0 such that § <z and n < 2g9 where n =
78%/32. Let in addition T = 7(5/(4K)). Then for any y € NX we have

P (S > exp(Z’"/4))
<P (S = exp(2"?), |ra(o) - = [xn @] < m)

+Ba([rm@ 7| zn) + Ba(||xa ] = |22 O | 2 m).

Invoking the Markov property at time t for the first term and (5) together with
Lemma 2.2 for the two last ones, we get

y m/4 Y m/4) _
s Fa(s = exp)) = | max | Pa(S = exw(2") — 1)

+yer?;1§n)IP’Z(Hrn(r) — x| =n) +P(P(kt) = m)

where .7'(m, 8) = {y € N 1 ||ly|l — 2| < m and o(y) < n}. The last term of the
above upper bound defines a summable series since a Poisson random variable has a
finite mean; the second term also by Lemma 4.1 since n < 2g. It remains to control
the first term.

So consider y € .77(m, 8) and let v,, = exp(2™/*) — v and ¥, = 2"~ — m/2.
Since ||y|| = 2™ — m, we have S = TV (x,, [|y]l/2) < T (x4, ¥,») under P} and we
obtain

@ Springer



28 Queueing Syst (2013) 74:1-40

P (S = v) < Py (T Cons Yim) = Vs T (g — 7, 8) = v )
+ Py (T ns Yrim) = s T (rn — 70, 8) < o).
Since § < 7, we have ||x,(t)|| = £, (¢t) forall t < T1(r, — 7, §) by (4) and so
P (T (o, Yim) = 0, Ty = 70,8) = )
=P (T4 (ln. Ym) = 0. T (r — 70, 8) = )
which implies

max Pr(S>v,) < max  Py(TV(ln, ¥im) = vm)
yeT ' (m,n) yeT ' (m,n)

+ max Py (T —7,8) < vm AT (X, Y)).
yeT ' (m,n)

As for the second term, it is easily checked that all the assumptions of Proposi-
tion 4.2 are satisfied, at least for m large enough, since § and n < 2¢¢ are fixed and
both v,, and 2"~ grow without bounds with m. Proposition 4.2 provides a bound

uniform in y € .7’ (m, 8) and n > 1 which defines a summable series in m. Hence, to
complete the proof it remains to show that

> sup{Py" (T4 (b, Yrm) = vm) } < +o00 (12)
sznzl

with y,, = (2™ + m)ey, using monotonicity of TV, Y¥n,) in the size of the initial
state and the fact that ¢, only depends on the initial state through its size. Note that

By (TY (s Vi) = V) = B (TY Es Yim) = vi) = PY(TH(Co, ¥1),) = V)

with ¥/ = W, — 2" —m =2""1 — 2" _ 3m /2. It is well known that T+ (Z,, v))
under IP’2 scales like (gﬁ,’n)2 A 22" for large m and n, which is negligible compared
to v, A exp(2”/4). In the case p, = 1, we can use the reflection principle and es-
tablish an exponential upper bound as we have done in the proof of Proposition 4.3.
When p, <1 we can couple ¢, with a critical random walk £/, such that ¢, > .

In particular, we have Ti(ﬂn, Ym) < T¢(£ ¥, and so B (T¢(£n, Ym) = V) <
Py (Ti(ﬁ Ym) = vy), where this last term obeys to an exponential upper bound.
This proves (12) and completes the proof. 0

Proposition 5.4 For any ¢ > 0, the sequences (e8 (Xn),n>1)and (Ty o eg)(X,,)
n > 1) under IP’O converge weakly to eg (Brr) and (Tgp o eg)(B) under PV, respectively.

Proof In the rest of the proof, fix any ¢ > 0 and let @, be the law of X (T (xp, )
under IP’,?. In view of the strong Markov property, the convergence properties claimed
are equivalent to the convergence of the two sequences (o (X,),n > 1) and (Tp(X,),
n > 1) under P;" toward o (Bm) and Typ(B) under P?, respectively.

We know that (o (L,7)) and (Tp(L,)) under P2" converge weakly to o (Bw)
and Ty(B) under P?, respectively, and we want to transfer this result to X,, using
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Theorem 3.1 in Billingsley [1], sometimes referred to as a “convergence-together”
result. Thus, we only have to prove that for any g > 0,

lim P& (sup o (X)) (@) — o (Lum)(@)| >ﬂ)

n——+00

= hm Py (

n—+4

To(Xn) — To(Ln)| = B) =0.

Define ¢, = |(logn)?| as well as T, x = T¥(X,,n"'¢,) and T, 1 = TV (L,
n~'¢,): then

To(Xy,) = Tn,X +(Tpo QT,,,X)(XVL) and To(L,) = Tn,L +(Tpo GT,,YL)(LH)
so that

IED}?’H (

To(Xn) — TO(Ln)| = ﬁ) = ]P)w"( nx — In L| > 0)
+ P ((To 0 67, ) (Xn) = B/3)
+ B ((To 0 07, )(Ln) = B/3).

Note that Lemma 2.1 implies that Py, (|T,,.x — Tp..| > 0) =Py (T,.x > Tp.1). To-
gether with the strong Markov property at 7;, y and 7T}, 1, this gives

P (

To(Xn) — To(Lw)| = B) < PP (Tyx > Ty.1) + max P (To(xn) = n*B/3)
yilyll=

Yy
+ pax, Bu(Tott) = n°p/3).

Since the sequence (¢, 2Ty(¢,)) under ]P’f"e1 converges in distribution to a non-
degenerate random variable, the last term goes to 0 since n” >> ¢,%. The second term
goes to 0 by Lemma 5.3, and so it remains to control the first term. In the rest of the
proof, let § > 0 such that § < and 5 = 8%/32 < 2¢: we have

]P)yl?n (Tn,X > Tn,L) < PZM(

|Ry(0) — 7| = n) + max Py (T, x > Tp,1)
yeTh

with 7, = {y € NK : ||ly|| = |ne] and o(y) < n}. The first term goes to O by
Lemma 5.2 and so we have at that point

limsup Py (| To(X») — To(Ln)| = B) < 11msup(max Py (Ty.x > T, L))
n—+o0o n—+oo Y€,

Thanks to Lemma 2.1, one sees that 7,, x > T, ; implies that there was a time
t < T, 1 suchthat X, x(¢#) = O for some k. At that time, we have |R,(t) —7|| > >§
and so

Py (Tyx > Tnr) <P (TN (R, — 7,8) < Ty 1).

Further, we have

Po(T"(Ry = 70,8) < To.1) <Pun < T p) + Po(T Ry = 7,8) <n ATy 1).

@ Springer



30 Queueing Syst (2013) 74:1-40

The first term goes to O uniformly in y with ||y|| = [en] since the sequence (7}, 1)
under IP’% with y € 9, converges in distribution, while the second term can be rewrit-
ten as

Po(TY Ry — 7, 0) <n ATy r) =Po(T (ry — 7, 8) <0 ATY(Ly, )

which goes to 0 uniformly in y € .7, by Proposition 4.2 (using TV(£,, ¢,) <
TV (x,, ®n)). This proves the result on Ty(X;,), the result on o (X;,) follows along the
same lines but at the expense of more technical details. Lemma 2.1 and (4) imply that
Tyx =Ty and Ly(T,L) = || X (Ty.x)|l =n~'¢, in the event {TT(R, — 7, 8) >
T,.L}, so that the strong Markov property gives

Py (sup o (X (1) = o (Lym) )] = B)
t>0
<P (TT(R, —7,8) > Ty 1)

+ IP’,’?"( sup | Xu() — La(O)7| = /3/3)

0<t=<T, L

+ max P%( sup | X ()| 2,3/3>
YEPy, 0<t<Ty(X,)

+ max IP’%( sup
YEPn  N<1<To(Ln)

La(0) = B/3).

where @, = {y € NK : ||ly|| = ¢,,}. We have already proved earlier in the proof that
the first term vanishes. The last term can be seen to vanish invoking the convergence
of (L,) toward a Brownian motion. The third term vanishes because for any y € @,,,

B swp [ Xa0]z8/3) =Pi( swp w0 znp/3)
0=<t=<To(Xn) 0=<r=To(xn)

<Py (To(xn) = vn) +Pi(an(v/n) = np/3 — ¢y)

and both terms go to 0 uniformly in y € @, the first one using Lemma 5.3 and the
second one using Markov inequality. It remains to show that the second term also
vanishes.

Let S, = SUp(o, 7, ;] L,: then for any 0 <t < T, 1, one has

(€3]

1X0(t) = La@)7 | < | Xa@ ||| Ra@) — 7| + 17 1] | X ()| = Ln(0)]
)
< La@)||Ru(t) — || + 2| Xa D] = Ln(®)]

3)
< Sp||[Ra(0) — 7| + 2| Xn ()| = L)

’

where (1) follows by adding and subtracting 7| X, (¢)|| and using the triangular
inequality, (2) follows from || X, ()| < L,() + || X,(@®)] — L, (¢)| together with
|R.(t) — x| <1 and ||w|| =1 and (3) holds by definition of S,, since t < T, 1.
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Using this upper bound together with standard manipulations, we get the following
upper bound, valid for any s > 0:

P sup [ Xu) = 7Lu(0)] = /3)

0<t<T, 1

< ]P;;"n( sup  |Ro() — 7| = ,3/(6s)>

0<t=<T, L

+P7N(S, > 5) + PO (O sup [ Xn(0)] = La(6)| > 0).
<t< n,L

Similarly, as before the first and last terms go to 0, so we are left with

timsupPy" (sup [ X, (1) = 7Ly ()| = B) < limsup P (S, > s).

n— 400 0<t<T, 1 n—+0o00
Letting s — +o0o completes the proof, since the sequence (S,) under P;" con-
verges weakly to supjg 7, gy B under IP°. O

5.3 Convergence of (g.(X,),n>1)

To complete the proof of Theorem 5.1 based on Theorem 4 in Lambert and
Simatos [8], it remains to be shown that g.(X,) = g.(B).

Proposition 5.5 For any ¢ > 0, the sequence (g.(X,)) under ]P’S converges weakly
to g.(B) under PO,

Proof Since ||X,| > L, by Lemma 2.1, it is clear that 71 (X,,, &) < T*(L,, ), and
hence going back in time and using again || X, || > L, we see that g.(X,,) < g:(Ly).
On the other hand, since L, = B it is not difficult to show that g.(L,) = g:(B);
see, for instance, Lambert and Simatos [9] where similar computations are carried
out. This proves that the sequence (g. (X)) is tight and that any accumulation point
is stochastically dominated by g.(B). We now derive a corresponding lower bound
which will conclude the proof.

Let § > 0 and denote by E 2 1.5 the kth excursion of X, that reaches level § shifted
at the first time it reaches this value: Formally, we have

1 t T T
E,ns=e;(Xp)and E, ) 5= (e5 0 edn,k,é)(xn)
with d, r s the right endpoint of the excursion of X,, corresponding to E, i s. Let

Ny 5.¢ be the number of excursions of X, that reach level § and not level ¢ before the
first excursion of X, to reach level ¢: it satisfies

Nus,e+1 =inf{k >1:sup |E], ;0 = s}.
>0 w

Then N, s is a geometric random variable with parameter p, ;. given by
Pus.e = BY(suplle) (X[l < &), the (E], 5.1 <k < Ny are iid., independent

@ Springer



32 Queueing Syst (2013) 74:1-40

of N, 5. and with common distribution eg (X,,) conditioned on {sup||e§ X)) <el,
and we have
Nn,é,s

ge(X) = > To(E}, 5)

k=1

with the convention Z? = 0. This last inequality implies for any s > 0

RO (58 (X)) < E[{Eg(efsmoeg)(x") suplle] (Xl <)}V

and it can be computed that this last upper bound is equal to

I —pnse
_ oel
1= pps.eEO(eT02e)Xn) | suplle] (X, < &)

B PO (suplle] (X)|| > &)
1 — B (e~ 00X suplle] (X,,)|| < )

Proposition 5.4 and the continuous-mapping theorem give

lim PO(sup [le] (X,)| = &) =P°(supel (B) > ¢).

n—-+00

On the other hand, the two convergences of Proposition 5.4 can be shown to hold
jointly, see for instance Lambert and Simatos [8], and so the continuous-mapping
theorem gives

lim E? (e_S(Tooeg)(X"); sup He;(Xn)” <g)= Eo(e_“To""g)(ﬁ); supe] (B) < £).

n——+00

Thus, for any § > 0, we have

PO(suplle! (B)|| > ¢
llm SupEg(e_ng(Xn)) E ( pT”eB (_)H — ) .
n—> 400 1 — EO(e*T0o¢)(®); sup|e] (B)|| < &)

Using standard arguments from excursion theory, the above upper bound is seen
to converge toward E0 (e #%:(8)) as § — 0, and so we finally get

lim sup E) (¢ =8 (X)) < EO(¢~58:(B)),

n—-+o00
This implies that any accumulation point of the tight sequence (g, (X)) is stochas-
tically lower bounded by g.(B), and since a corresponding stochastic upper bound
holds this gives the result. O

6 Convergence of the stationary distributions

Throughout this section, the heavy traffic assumption of Sect. 2.3 continues to be in
force, and we moreover assume that o > 0, so that p, < 1 for n large enough. Recall
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that in this case x, is positive-recurrent (see [5, 15]), and that v,, denotes its stationary
distribution. This section is devoted to proving the following result, where we write
similarly as in the previous section X, (0) = nlx, 0).

Theorem 6.1 The sequence (X,,(0),n > 1) under P," converges weakly as n goes to
infinity to Ewr where E is an exponential random variable with parameter o, and all

higher moments converge as well, i.e., By (|| X, (0)||") = r!/a” for all integer r > 0.

Since the exponential random variable E in the above theorem has the stationary
distribution of the reflected Brownian motion B introduced in Theorem 5.1, we may
observe that the heavy traffic characteristics are preserved under an interchange of
limits. While such an interchange of limits tends to apply in most specific cases,
there do not appear to be any general guarantees for that. The proof of Theorem 6.1
relies on the following estimate, and we will in particular make use of the constants
1 and ¢ defined in Sect. 2.1 and Lemma 3.1, respectively.

Lemma 6.2 There exist two constants c, ¢’ € (0, 00) such that for every n > 1, every
qg>0andeveryl <k <K,

P2 ([|n (0) | = . 20,1 (0) = 0) < ce™7.

Proof Fixn>1,qg >0and 1 <k < K. Recall the constant &y of Lemma 3.1 and let
0 < ¢ < 1 be any number such that

2
I ¢

< 1.
n m(l—eg)

Let n =2¢/(m(1 —¢)),sothat 0 <n <1 and (1 —n)xr <e&g, and 7 = t((1 —
n)x/(2K)). Then for any y € NX one has

Ph (| xn(D)| = g, %k (x) =0)

<Py (|xn (D] = . rax () < em)

<Py (|xn (| = g, 20k (1) < emp | X0 (D[], an () V di (1) < £q)

+ Pi(an(t) Vv du (1) = £9).
The last term P}, (a,, (v) V d,, (7) > £q) is upper bounded by P(Z (kt) > £q) which

we control using (1). One can check that 4 (x) > x for x > e, hence for ¢ such that
ekT < egq we obtain

P%(an(t) Vd,(t) > eq) <e ¥, g>ext/e.

In particular there exists a finite constant ¢ such that P) (a,(t) V d,(t) > &q) <
ce ¢4 for all g > 0. On the other hand, {||x,(t)| > ¢, a,(t) < eq} C {||x,(0)| >
(1 — &)g} and according to (5), we also have the inclusion

{an(t) Vda(r) < eq} C {xni() = x) 1 (1) — £q, |xa (D) | < [x2(0)| + g}
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hence

P%(Hxn(f)” >q,xnk(7) < &M ”xn(f) »an(T) Vdy(7) < SQ)
<P (x| = (1 — &)g. x;, 1 (v) < emi (| %0 0) | + 2q) + £q)
<Pr(|xa @ = (1 = e)q, 7} 1 () <em(1 + /(1 —&)) + /(1 —&)).

Recalling that n = 2¢/(m (1 — ¢)), one sees that the last term of the previous equa-
tion is upper bounded by ]l{”yHZ(l_g)q}]P’Z (rr’l «(¥) < nmi) and we have further

Lyi=a-eg)Pa (r (0 < 1) < Lyyiza-og Pa ([ (@) — 7| = 4 —mzx).

Since 0 < (1 — )z < o, Lemma 3.1 implies

(1—n)x2(1 —e)q
4K? )

Ljyi=1-e)g)Pa ([ (@) = 7| = (1 =mz) < 2K eXP<—

This proves the result, with for instance ¢’ = (2K) "> min(4K2¢, (1 — n)’z%(1 —¢))
and c=c¢ +2K. O

Proof of Theorem 6.1 We first prove the convergence of the moments by induction
on r > (. The result is immediate for » = 0 so consider » > 1 and assume by in-
duction hypothesis that E" (1 X, (0] — s!/a’® forevery 0 <s <r — 1. Let G, be
a geometrically distributed random variable with parameter p,: Lemma 2.1 implies
that

E(

[ @) = E(G}).

and using n(1 — p,) — «, it can be proved that E((G,,/n)") — r!/a”. This provides a
lower bound and so we only have to show that limsup,,_, | o, E"(1X. O <r!/a”.
Let m > 1: summing the balance equations over the set {y € NX : ||y|| <m — 1} yields

P (

%2 0] = m — 1) = pulPy (| %2 (0) | = m)

K
= > kB ([n ) = m, %, 1(0) =0). (13)
k=1

For any M > 1, writing m" = Z?:o #LY),(m — 1)* gives

r

S B (@ =m—-1)=3"

m=1 s=0

r! B

)

— g
slr—s)! " (

|xn 0)

(0| <M —1)

and so multiplying (13) with m”" /u, on both sides and summing over 1 <m < M,
we obtain
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r

r! vy
Z man" (|| (0)

s=0
= ]E;)l” (

S.
>

(O] <M —1)

r.
>

X (0)

X (0)] < M)

K
1
= — > kB (|5 O] |2 (0)| < M, x,£(0) =0).
Mn =

Using Ey" (I1x, O)[I”; 162 0) | < M) = By (IIx2 O)]I”; %2 (0) | < M — 1), other
simple inequalities and isolating the terms corresponding to s =r and s =r — 1
in the previous sum, we end up with

(1= p)Ey ([ (0]

r.
>

(O] <M —1)

r—2
< B2 (a7 + 1Y B (| 0]
s=0

K
+) Er(

k=1

% (0)|"; %0,k (0) = 0).

Letting M — 400 and dividing by n" (1 — p,) gives

S0 = o)
Lo ’fns_u_l)Eznﬂ %ol
n(l — pn) =
s iEZ" (|22 )]s x4 (0) = 0).
n" (1= pn) =

Since n(1 — p,) — a > 0, by the induction hypothesis the first term of the above
upper bound converges to r!/a” while the second term vanishes, thanks to the terms
n’~ =D that go to 0 for s < r — 2. We now show that the last term also vanishes, thus
concluding the proof. To this end, we prove that ;" ([|x,(0)[|"; x,.£(0) = 0) — 0
forall ]l <k <K.Letke{l,...,K}and M > 0: we distinguish the two events
{llx,(O)]| < M} and {||x,(0)|| > M + 1}. On the one hand, we have

EZH (

r.
>

% (0)]
<M'P (|, O < M) < M”(1 = (o))

x,(0) ” <M, Xn,k 0) = 0)

invoking Lemma 2.1 to get the last bound. On the other hand, Lemma 6.2 gives
B (P O [xa @) ]| = M + 1, 2,4.(0) = 0)
= Z PZ”( xn(O)HV 2]’}17)(,,[’]((0):0) < Z Cefc’ml/r'

m>M+1 m>M
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Since p, — 1, letting n — 400 for a given fixed M gives
/o 1)1

"k (0)=0)< Y e

m>M

| (0)

limsupE}” (
n—+00

Letting M — +o0 achieves to prove that integer moments converge.

We now prove the weak convergence result. Since E," (|| X, (0) 1) — 2/a?, the
sequence (|| X, (0)|l, n > 1) is uniformly integrable and tight. Let X be any accumu-
lation point and assume without loss of generality that X, (0) = X: we will prove
that X = Em, thus proving the desired result.

Since n(l — p,) = «, || X|| is stochastically lower bounded by an exponential
random variable with parameter « thanks to Lemma 2.1. On the other hand, since
X, (0) = X, E" (| X, (0)])) = 1/a and (]| X,,(0) ||, n > 1) is uniformly integrable, we
get convergence of the means and so E(]| X||) = 1/«. In summary, if E is an expo-
nential random variable with parameter «, then || X|| is stochastically lower bounded
by E and E(||X||) =E(E): Hence, || X| and E must be equal in distribution.

In particular, P(| X|| = 0) = 0 and so the continuous-mapping theorem implies
that |R,(0) — 7| = || X/|| X|| —||. Let 0 < ¢ < 2¢p and T = 7(¢/(4K)): since

Py (

|Ru(©) ] = £) = By (

|ra(t) =7 | >=€)=0

Lemma 4.1 implies that P,"(||R,(0) — 7| > &) — 0 and so P(||X/[X]||
— || = ) = 0. Since ¢ < 2¢gg is arbitrary, letting ¢ — 0 shows that X = || X7
and since || X is an exponential random variable with parameter « this proves the
result. O

7 Convergence of the sojourn times

Throughout this section, the heavy traffic assumption of Sect. 2.3 continues to be in
force. We fix a sequence (y,) in NX with o(y,) — 0 and ||y, |/n — b € (0, 00), and
we return to the network description of x,,; see Sect. 2.2. In the sequel, we implicitly
consider x,, under P;" and write = for weak convergence under P}".

For n > 1, we pick an initial user of the nth system uniformly at random, which
we refer to as the tagged user, and denote by E,, its initial service requirement (which
is exponentially distributed with unit mean), by &, its trajectory and by y, its sojourn
time, so the following relations hold:

'
Xn :inf{t >0:s5,() = En} with s, (7) :/ Hon &, () du.

o 1V Xn, &, (u) (u)

Note that s, () for t < x, is the service received by the tagged user up to time 7. We
want to show that n !y, = bE /A where in this section E is an exponential random
variable with unit mean. Introducing the rescaled service process S, () = s, (nt), we
have n_lxn =inf{t > 0: S,(¢) = E,}. Let s, be defined as follows:
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" i, &) 4

s, (1) =
||yn|| e, (1)

and define S/, () = s/, (nt). Let finally S = (b~'At,t > 0).
Lemma 7.1 The sequence of processes (S,) under P)" converges weakly to S.

Proof Since S), and S are strictly increasing and continuous, we only have to
show that finite-dimensional distributions converge; see, for instance, Jacod and
Shiryaev [7, Theorem VI.3.37]. Since the law of &, does not depend on n, we can
couple all the processes (S/, n > 1) on acommon probability space by taking &, = &;.
Then we have

n’

1 Mn,& (u) Mn k
S (t) = / ! ]l (w)y=k) du
U al Jo mew ||yn|| Z Tk =k
and so
St Zunk/ Ligy =ty du — npint | + nun_&‘t
— = n
IIynlln = T e lyall b

The second term goes to 0 by assumption while the first term is easily seen to vanish
using the ergodic theorem. This shows that S/ () — S(¢) almost surely, for every
t > 0, which readily implies convergence of the finite-dimensional distributions. This
proves the result. d

Lemma 7.2 The sequence of processes (Sy,) under P)" converges weakly to S.

Proof Since S, = S by Lemma 7.1, Theorem 3.1 in Billingsley [1] shows that it
suffices to prove that for any € > 0 and any ¢y > 0,

lim P,{"( sup |sn(t)—s;,(t)|zg):o.

n——+00 0<t<nty

By definition, we have

1 t
l5n0) — 5., = ’/ Pt g P g, @) du’
X g (u) V 1 lyall Jo TTE, (1)

M"v&n(u)
= Kn & \/I_T[n ”y ” du.
llynll / e, () (Xn, () V 1)| 1.8 (1) &)l Vn |

Fix in the sequel ¢ =2 + sup,, | (||yx|l/n) and & > O such that

Sen?t
S<m, S<bm/e, n<2e and sup( Hnclt o )58/2,
n>1 \ Yl (@ |y |l — dcn)
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where 1 = 162/32. Let F, be the event
Fy={T"(rn = 7,8) = nto} 0 {T" (Ixall — I yull, n8) > nto},

where ||x, || — ||yl refers to the process ([|x, ()|l — [lynll,# = 0). Since § < 7, we
have T1(r, — 7, 8) < To(xn) by (4) and so x,, x(¢) > Oforallt <nfyand 1 <k <K
in Fy, in particular x, ¢ (t) V 1 = x, 1 (t). Thus, we also have in F;,
Xk (6) V 1 = 7|y |
= |xa k@) = 7kl yu || < 20,4 (0) = 70200 O || + 70k ] [0 @ || = 1yl
< (Iynll +8n) | ru(®) = || + 6n < 8cn
forall t <ntpand 1 <k < K. In particular, x, s (t) > 7 ||y, || — écn which is positive

for n large enough since §c < brr. Plugging in these different bounds, we obtain the
following inequality, valid in F, for any ¢ < nty:

1 ! Sent
‘sn(t)—s,;(t)| < Hon Scndu < Hnoct 10 <g/2.
Iyall Jo m(@lynll —dcn) |ynllz G l|yull — dcn)
Thus, we obtain |s, (t) — s,,(¢)| < ¢ in F, and, therefore,
Pﬁ"( sup s, (1) — s, ()| = 8)
0<t<nty
<Py (F) <P (T (Ixull — lyall, n8) < nto)
+ P (T rw — 7,8) <ntg AT (Ilxnll = llynll, n8)).
Since T1(||xull = [|vall, n8) < TV (xp, || yn |l — n8), the second term can be shown to

go to 0 by Proposition 4.2 (using that o(y,) < n for n large enough since o(y,) — 0).
The first one can also be shown to go to 0, since

Py (TT (I1xall = [lynll, n8) < nto) =P (T (I Xull — || X (0)

,8) <to/n)

and the convergence X,, = Bm of Theorem 5.1 implies that 77 (|| X, || — | X, (0) ][, 8)
= T1(B — b, §) which is strictly positive. The result is proved. g

Corollary 7.3 The sequence of random variables (n~'y,) under P)" converges
weakly to bE / \.

Proof Since S, = S and S is strictly increasing and continuous with S(0) = 0, the
continuous-mapping theorem implies that S, I'= 5!, see for instance Whitt [18].
Moreover, the E,’s are identically distributed and so E,, = E. Since S~! is determin-
istic we get the joint convergence (S !, E,) = (S~!, E) and the continuous-mapping
theorem then implies that S, LE,) = S~Y(E), since S~! is a continuous function.
Since Sn_1 (E))=n"'x, and S"Y(E) = bE /X this proves the result. O
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Corollary 7.4 In addition to the heavy traffic assumption, assume that o > 0. The
sequence of random variables (n~" x,) under P)" converges weakly to E'E /A with
E’ an exponential random variable independent of E and with parameter o.

Proof This is a consequence of Corollary 7.3 together with the fact that n~!x,(0)
under P," converges weakly to E’m by Theorem 6.1. U

The above corollary is similar to heavy traffic results for the sojourn time distribu-
tion ordinary Processor-Sharing queue, see for instance Sengupta [14], Yashkov [20],
and Zwart and Boxma [21]. These results may be intuitively explained by the snap-
shot principle; see Reiman [12]. In heavy traffic conditions, the total number of users
in the system hardly varies over the time scale of a sojourn time. Thus, each indi-
vidual user sees a service rate that is random, determined by the inverse of the total
number of users in stationarity, which has an asymptotically exponential distribution
in heavy traffic, but nearly constant over the duration of its sojourn time.

It is worth emphasizing that although in the present model the users within each
of the individual nodes are served in a Processor-Sharing manner, at any given time
the service rates of users may strongly vary across nodes. Due to the homogeniza-
tion property, however, the empirical distribution of the location of each individual
user over the course of a long sojourn time in a heavy traffic regime will be close
to the stationary distribution 7. Hence, each individual user will see a w-weighted
average of the service rates in the various nodes, which is only affected by the expo-
nentially distributed total number of users in the entire system, just like in an ordinary
Processor-Sharing queue.
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