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Context of multichannel processing

Multichannel processing involves measurement vectors y(k):

Qe
N =
—~
Rl
S—

_yN.(k)

® N samples collected (possibly at the same time) on N different

sensors, e.g., an EM wave received on N antennas:

® N samples taken on a single sensor over a time frame of NT..
In radar N is the number of pulses sent by a radar each T

seconds during a coherent processing interval:

n(l)
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Analysis/processing of multichannel measurements

® Analysis of such vectors should be understood as figuring out the
relation between y,,(.) and y,(.):

® how correlated are the signals y,,(.) and y,,(.)?

® can y(.) be explained by a small number of variables (principal
component analysis)?

® Processing these vectors includes for instance linear filtering, i.e.,

N
yr(k) = whyn(k)
n=1

which can be used to improve reception of a signal of interest.
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Example: linear filtering for detection purposes

® A classical multichannel problem is to detect/estimate a known signal
a that would be present in y in addition to some noise n, i.e., decide
between the two hypotheses:

Ho: y=n
Hi: y=caca+n

e A simple way is to design a suitable! linear filter w aimed at
retrieving a, and to test the energy |[w/y|? at the output:

Hy = SN H
[ IR e M) r 21 .
u Ho

1 . . i i . .
For instance, if an = ¢*2™™fs  one could choose w,, = €27 s so that w y is the Fourier transform of y at
frequency fs.
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Context of this array processing course

® |n this course, we focus on signals received on an array of /N antennas
placed at different locations with a view to enhance reception of
signals coming from preferred directions.

® y,(k) represents the signal received at antenna number 7 at time
index number k.

® 1 € [1,N] is a spatial index as it is related to a particular position of
an antenna in space and one is interested in spatial processing of

(), e.g. Son_y wiyn (k).
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Principle of array processing: illustration with two antennas

e Consider two antennas receiving a signal s(t) emitted by a source in
the far-field

g

® The time delay At depends on the direction of arrival 6 of s(t) and
on the relative (known) positions of the antennas:
® if 6 is known, one can obtain s(t): spatial filtering (beamforming)
® if one can estimate At from y;(t) and y»(¢), then 6 follows: source
localization.
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Beamforming and DoA estimation
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Array of sensors

Potentialities

Array of sensors offer an additional dimension (space) which enables
one, possibly in conjunction with temporal or frequency filtering, to
perform spatial filtering of signals:

@ source separation
@® direction finding

Fields of application
@ radar, sonar (detection, target localization, anti-jamming)

® communications (system capacity improvement, enhanced signals
reception, spatial focusing of transmissions, interference
mitigation)
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Arrays and waveforms

® The array performs spatial sampling of a wavefront impinging from
direction(0, ¢).

® Assumptions: homogeneous propagation medium, source in the
far-field of the array — plane wavefront.
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Multichannel receiver
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Source signal (frequency domain)
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Signals and receiver
Source signal (narrowband)

#(t) = 2Re {s(t)e™" )
2 Re {a(t)ei¢(t)eiwct}
= a(t) cos [wet + B(t)]

a(t) and ¢(t) stand for amplitude and phase of s(t), and have slow
time-variations relative to f..

Channel response

Receive channel number n has impulse response hy,(t).
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Model of received signals

® Signal received on n-th antenna
Jn(t) = ahp(t) % E(t — Tn) + T (t)

where 7, is the propagation delay to n-th sensor.

® |n frequency domain :
Vi (w) = aHy(w) X (w)e ™™ + Ny, (w)
¢ After demodulation (w — w + w,) and lowpass filtering:

Yo(w) = aHp(w + we)S(w)e @tee™ 4 N (w + w,)
~aH,(we)S(w)e ™™ + N, (w + we)
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Model of received signals

® Taking the inverse Fourier transform F~1 (Y,,(w)) yields
Yn(t) =~ ol (we)s(t)e ™™™ 4,y (t)

® The snapshot writes

y1(t) I? 1 (wc)e:f%” na(t
vt = |0 = | PO gy |0
YN (t) I\':’N (wc)e_iwCTN ny (t)

* Assuming all H,,(w.) are identical and absorbing o and H,,(w,) in
s(t), we simply write
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Model of received signals
® The snapshot is then sampled (temporally) at rate 75 to obtain the

N|K data matrix Y = [y(1) y(2) ... y(K)]:
T, 2T, KT Pime

D w@) wen) k)

| |

D w@) wen) v2(KTy) |

| |

| |

M Y |

| |

D |

| |

DY wery )

Space
y(1) ¥(2) y(K)

® The k-th snapshot is given by
y(k) = a(0)s(k) + n(k)

where a(#) is the vector of phase shifts, referred to as the steering
vector since 7, depends only on the directions(s) of arrival of the
source.
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Model of received signals

Snapshot at time index &

The snapshot received in the presence of P sources is given by

y(k) = Z a(bp)sp(k) + n(k)

p=1
Sl(k)
= [3(01) a(ep)] + n(k>
sp(k)
N|P
= A(0)s(k) + n(k)

Pl
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Steering vector

1
Tpn = — [T cos 0 cos ¢ + yy, cos fsin ¢ + z, sin 6]
c

27 . .
a, (0, ¢) — X [xn cos 0 cos p+yr, cos O sin ¢p+2zy, sin 0]
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Uniform linear array (ULA)

Steering vector

\\Zis\iﬂé‘\ N }Rikx/
1A N SN T
1 . 2 3. N
a(0)=[1 e2h ... cnv-DE]T, fs_fcdsme %me

Spatial sampling requirement

For the phase shift A¢ = 27%sin6 to be within [, 7] for every
0 € [-m/2,7/2] one needs to have

d<

Lo | >
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Covariance matrix

Covariance matrix
® The covariance matrix is defined as

R =E {y(k)y"(k)}
yl(k‘)

yN.(k )

® The (n, () entry R(n, /) = E{y,(k)y;(k)} measures the
correlation between signals received at sensors n and ¢, at the
same time index k.
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Structure of the covariance matrix

Signals covariance matrix

The covariance matrix of the signal component is
E{A(0)s(h)s" (HA"(0)} = A@ORAT(6) (R, =E{s(k)s" ()}
P
= Z P,a(6,)a’(6,) (uncorrelated signals)
p=1
Provided that R is full-rank (non coherent signals), the signal co-

variance matrix has rank P and its range space is spanned by the
steering vectors a(6,), p=1,--- , P.

Noise covariance matrix

Assuming spatially white noise (i.e., uncorrelated between channels)
with same power on each channel, E {n(k)n’ (k) } = ¢’L.
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Model limitations

y(k) = a(0)s(k) + n(k) is an idealized model of the signals received on
the array. It does not account for:

® 3 possibly non homogeneous propagation medium which results in
coherence loss and wavefront distortions. This leads to amplitude and
phase variations along the array, i.e.
yn(k) = gn(k)ewn(k)an(e)s(k) + nn(k)

® uncalibrated arrays, i.e., different amplitude and phase responses for
each channel.

® wideband signals for which a time delay does not amount to a simple
phase shift. In the frequency domain, one has

y(f) = ap(0)s(f) +n(f) with
ap(0) =[1 e2r/TO) ... e—z'zwf(zv—nf(e)]T_

® possibly colored reception noise, i.e. E {n(k)n” (k)} # o°L
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Spatial filtering

Principle: use a linear combination of the sensors outputs in order to

point towards a looked direction.

&
/

QEJ
g Z
z* =

yr(k) = Y0y whyn (k) ~ as(k)

Beamforming Principle
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Array beampattern

® For any weight vector w, the corresponding array beampattern (gain
at direction 6) is defined as

a(0)s(k) () wHa(9) s(k) 2
L = Gw(0) = |gw(O)* = [w"a(9)|

® For a uniform linear array, the natural beampattern, obtained as a
simple sum (w, = 1) of the sensors outputs, is given by

N-1 . d .
i i ; ; N sin 9]
0) = i2rn< sin 6 _ in(N—1)< sin 6 SlIl[Tr—A
g( ) 7;) € A e Py - [77% - 9]
9 sin [WN% sin 9] ?
O =100 = | e
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ULA beampattern

Beampattern of the uniform linear array
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Windowing

ULA beampattern with windowing
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Beamforming

Objective

Focus on a given direction in order to enhance reception of the signals
impinging from this direction, and possibly mitigate interference located
at other directions.

Principle

Each sensor output is weighted by w;, before summation:
N
yr(k) = whya(k) = [w] ws - wi]y(k) = wy(k).
n=1

Question

How to choose w such that, if y(k) = a(fs)s(k) + --- then at the
output yr(k) ~ as(k)?
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Beamforming Spatial filtering

Conventional beamforming

Conventional beamforming: w o a(f;)

yr(k) = af (6,)a(8s)s(k) [w =a(by),1 source at 6]
1

— NZ e—i?w%nsines % e+i27r§nsin05 S(k‘)
n=0
N-1

= s(k) = Ns(k)
n=0

so that the gain towards 6, is maximal and equal to V. The beamfomer
Wegr = % is referred to as the conventional beamformer.

Principle

One compensates for the phase shift induced by propagation from di-
rection 65 and then sum coherently.
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Array beampattern with conventional beamforming

Conventional beamformer
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SNR improvement

Before beamforming

s 2
y(k) = azs(k) + n(k); SNR;, = % _ ;

After beamforming

yr(k) = wly(k) = wags(k) + win(k)

|wHas|2

SNRoy: = SNRi, < |las||*SNR;, = N x SNR;,

[[wl]?
with equality if w  a;.

White noise array gain

For any w such that w/7a, = 1, the white noise array gain is Ayy =
SNRout/SNR;, = [|[w]| "2 < N.
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Conventional beamforming versus adaptive beamforming

Conventional beamforming

The conventional beamformer is optimal in white noise: it amounts to

minimize w/w (the output power in white noise) under the constraint

wla(f) = 1. Any other direction is deemed to be equivalent = it

does not take into account other signals (interference) present in some
directions.

Adaptive beamforming

Adaptive beamforming takes into account these other signals. It con-
sists in minimizing the output power E{|wHy(k)|2} while main-
taining a unit gain towards looked direction = tends to place nulls
towards interfering signals.
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Adaptive beamforming

Beamforming-filtering in the presence of interference
® The received (input) signal in the presence of interference and
noise is given by

y(k) = ass(k) +yr(k) + n(k)

where ay is the actual Sol steering vector.

® The output of the beamformer contains the same (albeit filtered)
components:

y(k) = ass(k) + yr(k) + n(k) whags(k) +wl [y;(k) + n(k)]

input signal interference+noise
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Signal to interference plus noise ratio (SINR)

Definition of SINR
For a given beamformer w, the usual figure of merit is the signal to
interference plus noise ratio (SINR), defined as

E { |wHass(k)‘2}
E{IwH [y:(k) +n(k)]* }

Plwlaf
- wHCw

SINR(w) =

where C = E {[yj(kz) +n(k)] [yr(k) + n(k)]H} stands for the inter-
ference plus noise covariance matrix.

Beamforming Adaptive beamforming 34/120



Optimal beamformer: SINR maximization

Optimal beamformer

Maximize SINR while ensuring a unit gain towards ay:

min w” Cw subject to wa, =1 (optimal)
w

-1
C a,

_ _ H~—1
Wept = m — SINRopt = Psas C ag

Remarks
® Principle is to minimize output power (when input = y; + n)
under the constraint that the actual steering vector a; goes non
distorted.
e Neither a; nor C will be known in practice: the actual steering
vector may be different from its expected value and C needs to
be estimated from data (which contain y; + n).
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Minimum Variance Distortionless Response (MVDR)

Principle of MVDR beamformer

Minimize output power (when input = y; + n) under the constraint
that the assumed steering vector goes non distorted.

Minimization problem and solution

min w Cw subject to w/ag = 1 (MVDR)

w

where ag is the assumed steering vector of the signal of interest (Sol).
The solution is given by
C_lao

WMVDR = 7~ 7
allClag
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Minimum Power Distortionless Response (MPDR)

Principle of MPDR beamformer

Minimize output power (when input = ass+y+n) under the constraint
that the assumed steering vector goes non distorted:

min w”Rw subject to wiag = 1 (MPDR)
W

where R(= C + Psasall) stands for the signal plus interference plus
noise covariance matrix.

Solution
R_lao

WMPDR = “ o 1.
ag Rlag
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Summary of adaptive beamformers (known covariance
matrices)

| Beamformer | Principle | Weight vector
. . H H_ _ _ _CTla
Optimal II‘lhlln w'Cw st wia;=1 Wopt = agc—_fas
output power gain constraint
. —1
MVDR minw?Cw s.t. wHay =1 WmVDR = S =
w ay Clag
. —1
MPDR minw/Rw st. wHag =1 | wyppg = —ea20—
w agR~1ap

® a, = actual steering vector and ay = assumed steering vector

¢ C=cov(yr +n) and R = cov(ass + ys +n)
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CBF and optimal (MVDR) beampatterns

Comparison CBF-MVDR
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CBF vs MVDR: the case of a single interference

Derivation of SINR

In the case C = Pjajaf + oI with INR = % > 1, it can be shown
that

P 1 P
SINRCBF ~ ; X m, SINRopt ~ ﬁ X N(]. - g)
with g = cos? (as, a;) = |afaj|2/(afas)(a§{aj).

Remarks
* With CBF, the SINR decreases when P; increases while it is
independent of P; with adaptive beamforming.

® The SINR decreases when a; — a, (g — 1).
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CBF vs MVDR: when is the latter useful?
® From Kantorovich's inequality

He-1 H
1 < SINR (W) _ (af’C 'ay)(a Cas) <

(Amin(C) + A (C))?

~ SINR(Wcgr) (allay)?

Maximum value of SINR(w,,)/SINR(Wepr)
25 T T T T T

0 5 10 15 20 25 30
Valte of A (C)/Anin(C) (decibels)

® Adaptive beamforming is adequate if \,..(C)/Amin(C) > 1.

Beamforming Adaptive beamforming

4:)‘min (C))\max
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Generalized Sidelobe Canceler

Structure

d(k) = wilz(k)

® The (N — 1) columns of B form a basis of the subspace
orthogonal to ay, i.e., Bfag = 0.

® The (N — 1) auxiliary channels z(k) are free of signal and enable
one to infer the part of interference that went through the CBF.

® w, enables one to estimate, from z(k), the part of interference
i1 (k) contained in d(k) since i;(k) is correlated with z(k)
through iz (k).
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Generalized Sidelobe Canceler

® The GSC structure decomposes w into a component along ag and a
component orthogonal to ag, i.e., W = qag — W :

s(k)lag = a,]
11
ny (k)

ass(k)
y(k)| i
n(k)

d(k) — wila(k)

NIN -1 N-1]1

® The component along ag ensures that the constraint is fulfilled since

-1
wllay = a*agao — wfao = a*aglao +0=>a= (aglao)
® The orthogonal component w; = Bwy, is chosen to minimize output
power, in an unconstrained way.
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Generalized Sidelobe Canceler

® Minimization of the output power can be achieved by solving one of
the two following equivalent problems:

. . H

min wZCw min (Wege — Bw,)" C (Wegr — Bwy,)
WHa():]. Wa

direct form, constrained GSC form, unconstrained

® The MVDR beamformer in its GSC form is given by
Wesc = Wesr — BWZ

where w! solves the above minimization problem.
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Generalized Sidelobe Canceler

® The power at the output of the beamformer is given by

E {‘d(k) — sz(k)f} =E {\d(k)ﬁ} —whry, —rflw, + wiR,w,
_ H _
= [wa — R 'rgs] R, [Wo — R 'rgy)
+E{|dR)]} - riiR: s,
with rg, = E{z(k)d*(k)} and R, = E {z(k)z(k)" }.
® The weight vector which minimizes output power is thus

* —1
w, =R, rg,
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Generalized Sidelobe Canceler

® The GSC form of the weight vector is given by

Wesc = Wepr — BRz_lI'dz
— wesr — B (BYR,B) ' BYR,weer (GSC)
where Ry, = R in a MPDR scenario and R, = C in a MVDR
scenario.
® Since they solve the same problem wgsc = (aglelao)_l Ry_lao.

® The SINR is inversely proportional to the output power when
R,=C,ie,

SINRGSC — PS |:W£|I3FCWCBF - I'{l{

sz_lrdz] -
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MVDR versus MPDR

The optimal, MVDR and MPDR beamformers are equivalent if and only if

min w (C + Psasaf) w subject to way =1 (MPDR)
= min w Cw subject to wlay = 1 (MVDR)

= min w’ Cw subject to w

w

as; =1 (opt)

which is true only when the 2 following conditions are satisfied:

@ the assumed steering vector ag coincides with the actual steering
vector ag: in practice, uncalibrated arrays or a pointing error lead to
ag # as;

® the covariance matrix R is known: in practice, one needs to estimate
it which results in estimation errors R — R.

— It ensues that degradation compared to SINR,,, is unavoidable in
practice, and it can be quite different between MPDR and MVDR.
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Influence of a steering vector error (MVDR)

® We assume that the Sol steering vector is ag while it is actually a;.
. : -1
e The SINR obtained with wyypr = (agC_lao) C~lay becomes

H 2 Ho-1, |2
Py |wil oras| laffC~a,|
SINRMVDR - H - PS H—1
Winor CWuvor g, Clag
_ 2
|affC~ta,|

= SINR,.
e % (allC—1lag)(al/C1ay)

= SINR,,: x cos? (as, ayp; C_l)
< SINR,,.
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Influence of a steering vector error (MPDR)

® The MPDR beamformer can be written as

R—l
2 R=Paal+C

WMPDR = ~ o 1. )
ag R™1ag

® Its SINR is decreased compared to that of the MVDR, viz

1+ (2SINR,, + SINRZ,) sin? (a5, a9; C1)
< SINRwvor-

SINRMPDR =

® The degradation is more important as SINR,,. (hence P;) increases.
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Influence of a steering vector error on beampatterns

Beampatterns with pointing errors
T
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Influence of a steering vector error on SINR and WNAG

SINR loss when a, # a,

-05 -04 -03 -02 -01 0 0.1 02 03 04 05
Pointing error fy — 6, as a fraction of fsp

Beamformin, e beamformin

White noise array gain when ag # a,
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Case of an uncalibrated array

® | et us consider an uncalibrated array with actual steering vector
80(0) = (14 gn)e™®"a, (0)

where {g,} and {¢,} are independent random gains and phases.

e For any beamformer w, the average value of the resulting
beampattern Gy (0) = [w'a(6)|? is related to the nominal
beampattern Gy, (6) = |[wa(6)|? through

E{Gu(®)} = 1P Gu(0) + [1+ 0% = 1P| |w]?
where 07 = E {lgn|?} and v =E {e'*" }.

® The term proportional to ||w||? leads to sidelobe level increase =
better to have high white noise array gain (small ||w]|? ).
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Influence of a finite number of snapshots

® |n practice, K snapshots are available:

Yi+n(k)
y(k) = ags(k) + yr(k) +n(k); k=1,....K

® The covariance matrices are thus estimated and subsequently one can
compute the corresponding beamformers as

R= LYYV H) i =
= — y y — =<
K 2 MPDR agR*1a0
K A
N 1 C_lao
C=— k)y;i,(k — Winpr = -
K ; Yitn( )Yern( ) Wvbr agIC_lao
where ™ stands for “sample matrix inversion” .
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Influence of a finite number of snapshots

® The sample beamformers wip',; will differ from their ensemble
counterparts wy,.pr Since R=R+ARand C=C + AC.

® The weight vectors w;;L; are random and so are their corresponding
signal to noise ratios

. |al R a,|?
SINR (Wyyppr) = Ps
( MPDR) HR 1 C R 1a0
lallC~'a,l|?

SINR (Winor) = Ps
(Wivor) gIC 1C Clag

® Important issue is speed of convergence, i.e., how large should K
be for E {SINR (wifior)} or E{SINR (win,:)} to be “close” to
SINR,,.?
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SINR loss with finite number of snapshots (MVDR)

® When ag = ag, the SINR loss of the MVDR beamformer can be
represented as

SINR (Wiitor) a

PR = TGINR (W)

- Xanv—1)(0) )] o

©

2
Xo(K—N+2)
and thus follows a beta distribution, i.e.,

N(K+1) K-N+1(p _

pwver(P) = [ TN S 20N — 1) e

p)

which is independent of C.

® The expected value is E {pyor} = (K — N +2)/(K + 1), so that
SINR (winoe) is (on average) within 3dB of the optimal SINR for
KMVDR - 2N - 3
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SINR loss with finite number of snapshots (MVDR)

Distribution of MVDR SINR loss

Probability density function
~

-30 -25 -20 -15 -10 -5 0
Value of SINR loss (decibels)
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SINR loss with finite number of snapshots (MPDR)

® As for the MPDR scenario one has

) 2 -1

SINR (wm Xanv—1)(0)

Pupor = W 411+ (1+ SINRopt)22(N—1)
R (Wep) Xo(K—N+2) (0)

® The distribution of pyppr is related to that of pyyor as follows:

(1 + SINR,p ) KN +2
(1 + pSINR,,,)“ 1"

pMPDR(p) = PMVDR(P) X

® The average number of snapshots to achieve the optimal SINR within
3dB is about
Kypor >~ (N — 1) [1 + SINR,]

where SINR,,; ~ N (%) In general, Kyppr > Kyvor-
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Beampatterns with finite number of snapshots

Beampatterns CBF-MPDR-MVDR
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Distribution of SINR loss

Distribution of MPDR SINR loss
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« MVDR
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6 ~MPDR SINR,, = 0dB 1
~ « «MPDR SINR,, = 10dB A
g o
E5T ! 1
E] ]
=] 1
Zar ] |
2 1
g N =10, K =20 ,
<
z8r ! ]
= 1
3 1
< 1
g2r ]
A ]
1
1
1 ]

L L L = L .
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SINR versus number of snapshots

SINR versus K
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How to make MPDR more robust?

Observations

e Estimation of covariance matrices leads to a significant SINR loss
(especially for the MPDR beamformer) due to
» the interference being less eliminated
» a sidelobe level increase which results in a lower white noise gain.
® |n case of uncalibrated arrays, steering vector errors are all the
more emphasized that the white noise gain is low (or ||w||? large).
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How to make MPDR more robust?

White noise array gain and SINR

SINR versus K White noise gain versus K
Ce--6--0--—0 -~ Cle--6---0---0--
o -->--G--9° oo -0 --@--e--°
8 -° -
i ¢ '
o
o/ s o ¢ . ., o °
, o 6/ o
/ o /
af ¢ o / o
abr
o o
2
) o
S o T2 o

0

optimum .
o - & -MvDR - -MVDR

o MPDR o MPDR

-4 - - CcBF -2
I T ittt -4

80 90 100 10 20 30 40 50
Number of snapshots

Observation: similarity between the two curves.

A possible remedy

Enforce a minimal white noise array gain or equivalently restrain
[[w||? in order to make the MPDR beamformer more robust.
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Diagonal loading
Principle
One tries to solve

min wRw subject to wfag =1 and |w|? < A, (> N7
w

Finding the beamformer

The Lagrangian is given by (with A € C and p € R™)

L(w, A\ p) =wlRw + A (WHaO —1) + A" (aOHw —1)+p (||W||2 - AV_\,,},}
. -1 1", R -1

= [w+)\(R+,uI) ao] (R+,uI> |:W+>\ (R+,uI> ao}

N -1
AN = pAZL | APall (R+ NI) ao.
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Diagonal loading

Solution

. —1
The solution thus takes the form w(\, u) = —A\ (R + uI) ag. Since

we must have w(\, 1) ag = 1, it follows that

(f{ + ,uI>_1 ag

WMPDR-DL(,U) =

- 1
all <R + uI) ag

and pu is selected such that “WMPDR_DL(,LL)H_2 = Aun.
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Diagonal loading : adaptivity versus robustness

=
|
|
|

CBF

White noise array gain

Diagonal loading

thMPDR-DL(M) = WyiboR lim WMPDR-DL(,U) = Wcer
n—0 H—>00
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Choice of loading level

Many different possibilities have been proposed to set the loading level:
* set Ayy (slightly below N) and compute z from |[Wypprod]| > = Awn-

® set u directly, generally a few decibels above white noise level (see
discussion next slide about beampatterns and eigenvalues).

® set u using the theory of ridge regression, which enables one to
compute p from data.

® use that diagonal loading is the solution to the following problem

n%axfi — Paall for |ja—ag|? < &2
a

and compute p from €.

® set Ay and compute directly the diagonally loaded beamformer in
GSC form without necessarily computing .
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An interpretation of diagonal loading and the choice of

The array beampattern with the true covariance matrix is given by

® The array beampattern with an estimated covariance matrix becomes
a S
g™ (0) = = alla(g) — —— [aglﬁn] ulla(p)
min n=1 An + Amin

Degradation is due to 5\J+1 #* ;\J+2 #* -"5\1\/ = 5\min-

Replacing R by R + I enables one to equalize the eigenvalues,
provided that p > 02 and 1 < Aj.
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Diagonal loading: SINR versus number of snapshots

SINR versus K - Diagonal loading

o
o
/ optimum
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Diagonal loading: beampatterns

Beampattern of MPDR with diagonal loading
10 T T T T T T T

dB

= = =MPDR
MPDR-DL=5dB
~ = MPDR-DL=10dB

N=10, K=20

-60 L L L L

-100 -80 -60 -40 -20 0 20 40 60 80 100
Angle of arrival
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Influence of the loading level on SINR and WNAG

SINR versus diagonal loading level White noise gain versus diagonal loading level

dB
dB

- 1
<20 -15 -10 -5 ) 5 10 15 20 25 30 <20 -15 -10 -5 0 5 10 15 20 25 30
Diagonal loading level (relative to 02) Diagonal loading level (relative to 02)
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Linearly constrained beamforming

® To mitigate pointing errors, one can resort to multiple constraints, i.e.
solve the problem

min w” Cw subject to Z¥w = d

whose solution is w = C1Z (ZZC~1Z) " d.

® QOne can use a unit gain constraint around the presumed DOA or a
smoothness constraint:

Z=[a(by) a(lo+d) -+ al@o+0dr)] d=[1 1 -- 1]T
Oa(6f oLa(o T
Z=[a) B2 o %0 ] azpi o o
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Partially adaptive beamforming

Principle

Perform beamforming in a lower dimensional subspace

wHy (k)

Structures
® Direct form:
y(k) y(k) _
— T w
N|(R+ 1) (R+ 1)1
° GSC form (T == [WCBF BU])
(k)
WeBr
v(k)
z(k) zZ(k) 2
B U Wq
NIN — 1 N —1|R RI1
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Motivation for partially adaptive beamforming

The optimal beamformer when C = ijl Pjajaf + 0?1

e With this low-rank + scaled identity matrix form, one has

J
Weopt = Wegr — B Z Bj(BHaj)

j=1

® The optimal beamformer amounts to subtract from the CBF a
linear combination of J beams steered towards interference:

d(k)

Wesr

y(k)

—— B [BHal

BHBJ}

b1

|

|

o

|

wil y(k)

H—r=

® The optimal beamformer is a partially adaptive beamformer.
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Optimality of the partially adaptive beamformer (a; = ay)

Question: can we possibly have wpy = w,,,?

Direct form
® Answer is yes: Weapr = W, < Clag € R {T}

e At first glance, meaningless condition : if C~!a, were known, we
would get w,,. and hence no need for T.

* Butif C =)/, Pja;all + oI then
Cla, = nsa, + ijl nja;.

. = |f [as al e aJ] € R{T} then WpaDEF = Wopt'
GSC form
Wpa.gsc — Wopt = BHC_laS S R{U} . |f [BHa]_ BHaJ] €

R{U} then Weagsc = Wopt-
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Expression of the partially adaptive beamformer

Direct form

y(k) y(k) wHy (k)

—1 T w

N|(R+1) (R+ 1)1
® Minimization of the output power
min W R;Ww subject to wag = 1 (PA-DF)
wW

where R; = THR,T and a9 = T a.

® The solution is given by

W= aRg_léO = Wpapr = aTRg_léo
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Expression of the partially adaptive beamformer

GSC form
[weme |—"®

car
y(k)
L
U

NN -1 N-1R R|1

* Minimization of the output power [Z(k) = Ufz(k)]
. ~ H~ 2
min E {|d(kz) —w'z(k)| } (PA-GSCQ)
Wq
® The solution is given by

Wa = R 'tz = (UFR.U) " Ury,

—1
Wea.gsc = Weer — BURg Taz
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Analysis of the partially adaptive MVDR

SINR loss for fixed T (R, = C, ag = a,)

The SINR loss of the partially adaptive beamformer w = Tw =
TC~'a, with fixed T is distributed according to

X%R(O) ] B
2

1+
X2(K—R+1)(O)

d
Pra-MvDR = @

where
_aflclay  allT(THCT)'THa
- HC—laO - Hc—lao
_ energy of C~ 235 in R {CI/QT}
energy of C~1/2a,
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Analysis of the partially adaptive MVDR

SINR loss of partially adaptive beamformer (fixed T) - K = N SINR loss of partially adaptive beamformer (fixed T) - K = 2N
35
FAMVDR FAMVDR
L PA-MVDR a = 0.25 wvseseess PA-MVDR a = 0.25
14 PA-MVDR a = 0.5 30 =-===PA-MVDRa=05 | A
- = =PA-MVDRa =075 - = =PA-MVDR a = 0.75
5 12 B
£ 25 ]
g g
g ]
Z10f &
z Z 20 1
7
£ g - g
< Fay <
£ AR g A 1
g S Z I
k) i i 2 10 I
2 / H £ i n 1
£ ! o I 4
7 I i
I o
i 5 ! 1 I 7]
£t J R 1
4 i
o L
0 9 8 3 2 1 0 0 9 8 3 2 1 0

7 6 5 4 7 6 5 4
Value of SINR loss (decibels) Value of SINR loss (decibels)

= partially adaptive beamforming is potentially very effective in low
sample support, provided that T is well chosen.
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Selection of matrices T and U

Fixed transformations
® For instance using pre-steered beams, i.e.

T = [a(0s) a(f1) a(f2) --- a(fr)]
U = BH [a(9~1) a(0~2) tee a(HR)]
® |n this case, the columns of U can be viewed as beamformers
aimed at intercepting the interference.
® Require some prior knowledge about the interference DOA in
order for them to pass through the beams.
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Value of a with pre-steered beams

; Value of a with U =B [a(d;) a(6,)] ; Value of a with U =B#[a(d,) a(6,)]
0.99 F 0.9 i
0.98 | 0.8 1
0.97 0.7 q
0.96 0.6 1
095 O, ~ U((0; = B4 /2, 0; + O34/2)) 05 G, ~ U([0; — O34, 0 + Os15]) ]
0.94 - - - - - - L L L 0.4 L - - - - - - - -
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Random trial Random trial

Case of 2 interferences located at 61,02. Value of @ when U =B¥ [a(61) a(f2)] and 6;
drawn randomly around 6;.
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Selection of matrices T and U

Adaptive transformations (T or U depend on the snapshots)

® The optimal beamformer writes w,,, = wer — B Z‘jjzl 6j(BHaj)
= all we need is a basis for R{[BHal BHaJ]}.

® The eigenvalue decomposition of R, = BYCB is given by

[
M~

R. P;(Ba;)(B7a,)" + 0%y,
j=1
N-1
=Y Manal; M =A== Ay
n=1
® Property: ’R{[BHal BHaJ]} =R{[q1 qJ]}.
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Selection of matrices T and U

Adaptive transformations (T or U depend on the snapshots)

® A logical choice for U is thus to select the R principal
eigenvectors of R, (Principal Component), i.e.

e With this choice R; = UFR,U = A = diag(\y,..., Ag) and

—1y1H
Wpe-gsc = Weer — BUA™ ' U"ry,

® Another interesting choice is to select the R eigenvectors which
contribute most to increasing the SINR (Cross Spectral Metric).
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Partially adaptive beamforming: SINR versus K

SINR of partially adaptive beamformers

2 // optimum
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Partially adaptive beamforming: SINR versus K

SINR of PC and CSM beamformers
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Partially adaptive beamforming: SINR versus R

SINR of PC and CSM beamformers
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Selection of matrices T and U

Random transformations

® The idea? is to use L matrices U, drawn from a uniform
distribution on the manifold of semi-unitary (N —1) x R
matrices, i.e.

—H/2 d
U =X, (XIX,) " X, L2 CN(0,Ty 1, Tp)

and to average the corresponding weight vectors wy, yielding

L
W = Wepr — Z (UAR,U,) " Uy,
- H -1 H
= Weer — Z (XIR.X) ™ X{'rg,
Z:

aT. Marzetta, G. Tucci, S. Simon, “A random matrix-theoretic approach to handling singular covariance
matrices”, IEEE Transactions Information Theory, September 2011

Beamforming Partially adaptive beamforming 86/120



Marzetta's method based on random U

onre
L o) - £k w0

2(k) 22(k) [ mean
= |
value

The matrices Uy are drawn from a uniform distribution on the manifold of
semi-unitary matrices, or from a Gaussian distribution CN (0,Iy_1,1R).
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Beamforming: synthesis

e Conventional beamforming wcgr = (2161'21())_1 ag. Optimal in white
. -1 .
noise, O34g = 0.9 (N4) ™", sidelobes at —13dB.
* Adaptive beamforming w,,. x C™'a,, wyypr x C1ag,
Wwmppr X R_laO
® all equivalent if R, C known and a, = ag
L4 SINRopt Z SINRMVDR > SINRMPDR when Ag 7& ap
® SINRuvorsmi > SINRypprsmi: convergence for about 2N snapshots
for MVDR, N x SINR,,, for MPDR
® Diagonal loading: helps to mitigate both finite-sample errors and
steering vector errors. Especially useful in MPDR context with low
power signal of interest.

® Partially adaptive beamforming: enables one to achieve faster
convergence by operating in low-dimensional subspace. Especially
effective with strong, low-rank interference.
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The direction of arrival estimation problem

Problem formulation

Given a collection of K snapshots which can possibly be modeled as

y(k) = Z}]::l a(f,)sp(k) + n(k), estimate the directions of arrival

(DOA) 91, Ce ,QPZ

y(k) = 3P a(8p)sp(k) +n(k) br,...,0p

Approaches

® Non parametric approaches which do not necessarily rely on a
model for y(k): similar to Fourier-based methods in time domain;

® Parametric approaches where a model is assumed and its
properties (algebraic structure, distribution) are exploited.
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Beamforming for direction finding purposes
® The idea is to form a beam w(6) for each angle 6 and to evaluate
the power E { |y (k)[2} = E { \wH(e)y(k)f} — wH(9)Rw(9) at
the output of the beamformer versus 6:

k Py(0) =E H(9)y (k)2
y() (0) =E{|lwH (O)y(k)*}

® | arge peaks should provide the directions of arrival:

Power at the output of w(f)

15

10

5

10 P (0)

101og,
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Conventional beamforming for direction finding purposes

Conventional beamformer

The conventional beamformer wege(6) = a(f)/N can be used, which
yields the output power

wil () Rwesr(0) = N~ 2afl (9)Ra(h)

In practice

With K snapshots available, R is estimated as

1 K

R=—
K
k=

y(k)y" (k)
1

and subsequently the output power as

P (0) = N~2af’ (9)Ra(h)
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CBF and Fourier analysis

® The estimated power at the output of the CBF writes

PCBF(G) = X2

where f = %sin@.

® The inner sum is recognized as the (spatial) Fourier transform of
each snapshot.
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MPDR beamforming for direction finding purposes

Capon’s method
If the MPDR beamformer

~ R'a(9)
WMPDR(Q) = m

is used, the output power then writes

HORIRR la(f 1
WMHPDR(H)RWMPDR(H) _2 (0) a(f) _

[af ()R ~1a(0))? afl())R—1a(0)
which in practice yields

P (9) = ;
T all(9)RLa(f)

Direction of arrival estimation | Non parametric methods (beamforming)
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Comparison CBF-Capon (low resolution scenario)

Comparison CBF-CAPON

6 =[-30°,10°,20°]

Osap ~ 5.1°

20 L L L L L L L L L
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Angle of arrival

irection of arrival estimati methods (bea
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Comparison CBF-Capon (high resolution scenario)

Comparison CBF-CAPON
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Model-based methods

Principle

Based on the model

y(k) = A(8)s(k) + n(k)

where 6 = [0, 6 --- 6p]",
A(O):[a(ﬁl) a(92) a(9p)]
s(k) = [s1(k) sa(k) - sp(k)]”

and a(f) stands for the steering vector.
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Classes of methods

e Maximum Likelihood methods are based on maximizing the
likelihood function, which amounts to finding the unknown
parameters which make the observed data the more likely.

® Subspace-based methods rely on the fact that the signal subspace
coincides with the subspace spanned by the principal eigenvectors of
R. Moreover, the latter is orthogonal to the subspace spanned by the
minor eigenvectors. These two algebraic properties are exploited for
direction finding.

e Covariance matching relies on a model R(n) for the covariance
matrix and looks for the model parameters which minimize the
distance between R(7) and the sample covariance matrix R.
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Maximum Likelihood Estimation

® The MLE consists in finding the parameter vector n which maximizes
the likelihood function p(Y;n) of the snapshots
Y =[y(1) y(2) --- y(k)], where n is the model parameter
vector.

© Asymptotically efficient.

® Multi-dimensional optimization problem (usually) = computational
complexity, possible convergence to local maxima.
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Stochastic (unconditional) MLE

® Assume that s(k) is Gaussian distributed with E {s(k)} = 0, and a
covariance matrix R, = E {s(k)s (k) } which is full rank.

® The distribution of the snapshots is thus given by
y(k) ~CN (0,R = A(0)R,A"(0) + 0°1)

® The likelihood function can be written as

K
p(Y;m) = [[ 7 VRl YW R
k=1
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Stochastic (unconditional) MLE

® The ML estimate is obtained as

fi =arg min_—logp(Y;n)
s, 0
= arg min log |R|+ Tr {R_lﬁ}
0.R;,02
e Closed-form solutions for 02 and R can be obtained so that the
likelihood function is concentrated, yielding a minimization over the
angles only:

~sto

6" = argminlog A(O)R,(0)AT(0) +5%(0)1
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Deterministic (conditional) MLE

® The signal waveforms are assumed deterministic so that

y(k) ~ CN (A(0)s(k), o°T)
® The MLE is now given by

- NK1 -2 k) — A(0)s(k)|?
7= arggg&l)n oga® + 072 |ly(k) — A(6)s(k)|

® The likelihood function can be concentrated with respect to all s(k)
and o2, and finally
0 = arg mein Tr {PX(O)R}

* For a single source 9t = arg maxg %aH(Q)Ra(G)E CBF.
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Subspace-based methods

Eigenvalue decomposition of the covariance matrix

If P signals are present, one has
R{A(0)}rank=P

—_——
R=A@)RAYO) +0’T (R, assumed full-rank)

P N
= Z )\pupuf +0 Z upuf + 021

p=1 p—P+1
= Z)\ upu +0 Z upu, +022upu
p=P+1
= USASU;" +0%U, U
where Ug = [ul ...up] 10, = [upH ...uN].
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Subspace-based methods

Signal and noise subspaces
© R{Ug} =R{A(0)} : the signal subspace is spanned by U, and
hence Uy = A(0)T for some non-singular matrix T.
® R{U,} is orthogonal to R {Us} = R{A(0)} =
A" (9)U, =0.

Eigenvalues of the covariance matrix

° Signal subspace
e

Noise subspace

= Subspace-based methods rely on either © or .
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MUSIC

® The signal steering vectors are orthogonal to U,
Ua(0,) =0« ua(@,) forn=P+1,....N

® One looks for the P largest maxima of

P (0)_ 1 _ 1
MO T A (0)0,0a(0) N, lal (0)a, 2

on the rationale that, as K grows large, U,, — U, and hence
PMUSlC(ep) — OQ.

® Many variants around MUSIC, e.g., SSMUSIC (Mc Cloud & Scharf).
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Root-MUSIC

° leta(z)=[1 =z - szl}T. For a ULA, one can compute the P

roots of o
Pyusic(z) = a’ (71U, U a(z)

closest to the unit circle. The reason is that

aT(e—iQW% sin ep)UnUfa(ei%% sin 0,,) _ aH (ep)UnUfLIa(ep) =0

® Puusic(z) = 25:__1(N—1) prz~ " has 2(N — 1) roots, (N — 1) of
which inside the unit circle since
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Low-resolution scenario

Eigenvalues of the covariance matrix
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Low-resolution scenario

Comparison CBF-MUSIC

6=[-30°,10°,207]

Oy ~5.1°

Subspace-based methods

Roots
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High-resolution scenario
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High-resolution scenario

Comparison CBF-MUSIC

6=[-30°,10°, 137

Oy ~5.1°

Subspace-based methods
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Min-norm

° letd=U,n= [do dy - dN_l]T be an arbitrary vector in the
noise subspace.

® Sinced L a(6,), D(z) = 271272—01 dnz~" has P of its roots equal to
¢i27550 and hence can serve to estimate Op.

® The min-norm method searches the vector in R {U,,} with minimal
norm. To avoid d = 0, one considers

min }HdH2 s. t. dg =14 min|n|?s. t. T UHe; =1
n

deR{U,
wheree; =[1 0 0 --- O}T. The solution is
. U,I;Iel N Cl . UnUﬁlel
= ellU,Ulle, Min-Norm = ellU,Ulle,
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ESPRIT

® Let us partition A = A(0) as

A==

where A [resp. As] contains all but the last [resp. first] row of A.
® Then, for a ULA, we have

Ap=A1®; P =diag <{€i2w%8in€p }§=1> (1)
® & conveys the useful information and can be deduced from (A, As).

The latter are unknown but U, = AT = can we find a similar
relation for Ug?
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ESPRIT

- U82

® Let us partition Ug as A, i.e. U, = [USI] = [ } Then
Uy = AT

Ugp =AT =A,9T

= Uy =U, T '®T

= USQ = Usl\Il

UszAT:>{

® ¥ and ® share the same eigenvalues since $u = Au implies that
UTlu=T1®u=)T"1u

P
. 9 d s
® |t follows that the eigenvalues of W are {eﬂﬁ 51“91)} .
p=1

® |n practice one solves in a least-squares sense Ugo = U1 W and
computes the eigenvalues of W.
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Subspace Fitting

® Since R{Us} = R{A(0)}, there exists a full-rank matrix T (P x P)
such that

U, =A(6)T

® The idea is to look for ’Ehe DOA which minimize the error between the
subspaces spanned by Uz and A(6) :

~

0, T = gmlnHU —A(0 TH

— arg min Tr { U, — A@O)T| W |0, - AO)T| H}

)
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Subspace Fitting

® There exists a closed-form solution for T and finally

0" = arg min Tr {PieU.WU}

® Alternative: use the fact that

R{U,} =N {A"(6)} = UJA@O)=0

and estimate the angles as

. . 2
0" = arg min HUEA(G)H
0 w
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Covariance fitting

® The covariance matrix is given by R(6,P,0) = R,(6,P) + Q(0)

P

g

r =vec(R) = ¥(0)P + 3o = [¥(0) X [ ] £ P(0)

® The parameters are estimated by minimizing the error between R and
its estimate R

A~

0,& = argmin [t — ®(0)a] W' [ — ®(0)q]

® The criterion can be concentrated with respect to a: minimization
with respect to 6 only.
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Covariance fitting

® In case of independent Gaussian distributed snaphots,
Wt = R” ® R and covariance matching estimates are
asymptotically (i.e. when K — c0) equivalent to ML estimates.

® In contrast to MLE, no need for assumptions on the pdf, only an
assumption on R. The criterion is usually simpler to minimize.

® Covariance matching can be used with full-rank covariance matrix R
while subspace methods require the latter to be rank deficient.
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Synthesis

Hypotheses | Algorithm Performance Problems
ML distribution | optimization optimal Computational cost
COMET R optimization | ~ optimal Computational cost
MUSIC R EVD ~ optimal Coherent signals
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Conclusions

® Array processing, thanks to additional degrees of freedom, enables
one to perform spatial filtering of signals.

® Adaptive beamforming, possibly with reduced-rank transformations,
enables one to achieve high SINR with a fast rate of convergence in
adverse conditions (interference, noise).

® Robustness issues are of utmost importance in practical systems, and
should be given a careful attention.

® Non-parametric direction finding methods are simple and robust but
may suffer from a lack of resolution.

® Parametric methods offer high resolution, often at the price of
degraded robustness.
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